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Abstract 



In a classical conforinal invariant supersymmetric gauge theory, the chi- 
ral i?-syinmetry current j^, the supersymmetry current s^ and the energy- 



> 

\f^ \ momentum tensor 6^^ constitute a supercurrent multiplet. There are two dif- 

^T ' ferent superconformal anoamly multiplets in four-dimensional supersymmet- 

f^ ■ ric gauge theories, one originating from the supersymmetric gauge dynamics 

>0 , and the consequent nonvanishing /^-function, and the other one coming from 

the coupling of the supercurrent multiplet to the external supergravity multi- 
plet with non-trivial topology. We emphasize that in the gauge/gravity dual 
Q^' correspondence these two types of superconformal anomaly multiplets have 

^ ■ distinct reflections in the classical supergravity: the anomaly multiplet due 

to the supersymmetry gauge dynamics is dual to the spontaneous symme- 
try breaking and the consequent super-Higgs effect in AdS^ bulk supergrav- 
rS \ ity, while the anomaly multiplet originating from the non-trivial topology of 

C^ \ external conformal supergravity mutiplet is a boundary effects of the AdS^ 

space. 



I. INTRODUCTION 

In Ref . [1] , Klebanov, Ouyang and Witten has investigated the gravity dual of the chiral 
Ur{1) symmetry anomaly in A/" = 1 cascading SU{N + M) x SU{N) supersymmetric gauge 
theory using the gauge theory /gravity duality correspondence [2-4]. They showed that on 
the gravity side the chiral f/R(l)-symmetry anomaly of above supersymmetric gauge theory 
is a classical feature and behaves as a spontaneous breaking of gauge symmetry in the J\f = 2 
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f/(l) gauged AdS^ supergravity. This statement is supported by the observation that the 
the vector field dual to the i?-symmetry current of the supersymmetric gauge theory has got 
a mass through a Higgs mechanism. In the paper, the authors wrote "/^ is interesting that 
the anomaly appear as a bulk effect in AdS space, in contrast to previously studied examples 
[4,5] where anomalies arose from boundary terms ". The aim of this paper is to emphasize 
the origin for this interesting phenomenon in the gauge/gravity dual. 

In fact, in the gauge theory side the answer to this puzzle is very straightforward. The 
anomaly discussed by Klebanov, Ouyang and Witten [1] and those studied in Refs. [4,5] 
have completely different physical origin. The former comes from the quantum dynamics 
ofa A/" < 4 supersymmetric gauge theory and the anomaly coefficient is the beta function 
of the theory [6,7,9,10], which is usually an internal anomaly [10]; While the later arises 
from the coupling of a suerpsymmetric gauge theory with an external gauge field. If the 
geometry and topology of the external gauge field configuration is non-trivial, then this type 
of anomaly arises [7,9,10]. The former anomaly is actually a quantum correction to the 
latter one [11]. This is the reason why there exist two distinct gravitational correspondences 
to the superconformal aonmaly. 

Once the field theory origins for these two types of anomaly have been understood, the 
next step is to reveal the distinct features of their gravitational correspondence in terms of 
the gauge/gravity dual. However, it is necessary to emphasize the specific feature of the 
anomaly for space-time symmetry in a supersymmetric field theory before we proceed. As it 
is well known, the A/" = 1 space-time supersymmetry is composed of the Poincare symmetry, 
supersymmetry and the chiral i?-symmetry with generators M^j,, P^, Qa (a = 1, ■ ■ ■ , 4) and 
R, respectively. The corresponding three Nother currents, the energy-momentum tensor 
6^'^ , the supersymmetry current s'^ and the chiral i?-symmetry current f^ must constitute 
a supercurrent multiplet [12,13]. Further, in a supersymmetric theory with classical scale 
symmetry this supercurrent multiplet {j^,s'^,9'^'^) is actually a superconformal current multi- 
plet [12,13]. At quantum level, when one member in the supercurrent multiplet suffers from 
anomaly, the other two members should also become anomalous. These anomalies should 
constitute an anomaly multiplet since the Poincare supersymmetry persists [7-10]. There- 
fore, when we investigate the gravitational dual description to the space-time symmetry 
anomaly in a supersymmetric theory, we should consider the whole anomaly multiplet. In 
this paper we consider the superconformal anomaly {d^j'^,'~f^s^,6'^ ), which form an A/" = 1 
chiral supermultiplet. 

The approaches of revealing the gravitational descriptions to these two types of anomaly 
in terms of the gauge/gravity correspondence are completely different. The external super- 
conformal anomaly arises from the coupling of a supersymmetric gauge field theory with 
an external conformal supergravity in four dimensions [7,8] . This anomaly multiplet can be 
directly calculated with the holographic definition on the AdS /C FT correspondence [3,4]. 
As it is well known, the original AdS/CFT correspondence conjecture [2] states that the 
type IIB string theory in the AdS;^ x S^ background with A^ units oi R — R fiux passing 
through S^ should describes the same physics as A/" = 4 SU{N) supersymmetric Yang-Mills 
theory. Later, Gubser et al [3] and Witten [4] made this conjecture concrete and proposed 
a holographic version on this correspondence. This concrete definition has two formula- 
tions. One is based on the canonical quantization of a field theory system, which states that 
there exists a one-to-one correspondence between a quantum state of type II superstring 



in the AdSd+i x X^~'^ target space-time and a gauge invariant operator of a rf-dimensional 
conformal field theory defined on the boundary of AdSd+i, X^~'^ being a compact Einstein 
manifold [4]; The other formulation is established through the path integral quantization 
on a field theory system. It states that the partition function of type II superstring the- 
ory as a functional of the boundary value of the AdSd+i bulk supergravity field should be 
identical with the generating functional for the correlation function of some gauge invariant 
operators of a d-dimensional conformal field theory in the external field furnished by the 
boundary value of the AdS^+i bulk field [4]. At low-energy level, the type II superstring 
theory is approximated by its low-energy effective theory, the type II supergravity [14] . Sub- 
sequently, the partition function of type IIB superstring can be calculated with the saddle 
point approximation, i.e., it can be evaluated as the exponential of the supergravity action 
in a field configuration which is determined by the classical equation of motion with initial 
condition AdS^+i x X^~'^. The dual field theory must be in its large-iV limit. Further, 
taking into account the spontaneous compactification [15] on X^~'^ of type II supergrav- 
ity [17,18] and assuming that there exists a consistent nonlinear truncation of the massless 
modes from the massive Kaluza-Klein spectrum [16], we should a gauged AdSd+i super- 
gravity. The AdS/CFT correspondence between a on-shell gauged AdS^ supergravity [19] 
and a four-dimensional supersymmetric gauge theory in an off-shell conformal supergravity 
background can thus be established. In particular, this off-shell four-dimensional conformal 
supergravity [20,21] comes from the reduction of five-dimensional gauged supergravity on 
the boundary of AdS^ space [22,23]. Consequently, the bulk supersymmetry in gauged AdS^ 
supergravity convert into the superconformal symmetry of four-dimensional conformal su- 
pergravity [24]. That is, the bulk gauge symmetry decomposes into a vector- and an axial 
vector gauge symmetry [4] ; the bulk diffeormorphism symmetry becomes a diffeormorphism 
symmetry and a Weyl symmetry [25]; the bulk supersymmetry separates into a Poincare 
supersymmetry and a super- Weyl symmetry [22,23,26]. However, the on-shell action of the 
asymptotically gauged AdS^ supergravity cannot keep the symmetries in each pair simul- 
taneously [4,5,26]. Usually the vector gauge symmetry, the diffeormorphism symmetry and 
the Poincare are required to be satisfied. Therefore we can get the external superconformal 
anomaly from the on-shell action of gauged AdStj supergravity near the ^^5*5 boundary. 
This is usually called the holographic superconformal anomaly [4,5,26,24]. 

For the internal superconformal anomaly in an A/" < 4 four-dimensional supersymmetric 
gauge theory, the case becomes complicated. Since this anomaly stem from the quantum 
dynamics of a supersymmetric gauge theory itself [7,9,10,13] and has nothing to do with the 
external conformal supergravity background, we cannot look for its gravitational correspon- 
dence using the holographic version on gauge/grvaity correspondence. In fact, the existence 
of this type of superconformal anomaly means that the field theory at quantum level has no 
conformal symmetry. This is different from the external superconformal anomaly, its exis- 
tence does not affect the superconformal symmetry of a supersymmetry gauge theory since 
it arises from the coupling of field theory with the external background field and originates 
in the non-trivial topology of external field configuration. One typical example is A/" = 4 
supersymmetric Yang-Mills theory in four dimensions. Its energy-momentum tensor, super- 
symmetry current and S'f//j(4) i?-symmetry all become anomalous when the theory couples 
with an A/" = 4 external conformal supergravity. But the theory itself is still a superconfor- 
mal theory since its beta function still vanishes. According to the symmetry identification in 



the AdS/CFT correspondence [31], the global superconformal symmetry on the field theory 
has the exactly counterpart with the local supersymmetry in gauged AdS^ supergravity. 
That is, the /^-symmetry in the gauge field theory corresponds to the gauge symmetry of 
the AdS^ gauged supergravity; the space-time conformal symmetry 5*0(2,4) is exactly the 
isometry symmetry of the AdS^ space; the conformal supersymmetry of the field theory 
goes to the local supersymmetry of the AdS^ supergravity. Therefore, we must go beyond 
the AdS/CFT correspondence to to find the gravitational dual description to the internal 
superconformal anomaly. 

How can we carry on to get the dual of the internal superconformal anomaly? Let us 
recall how the gauge/gravity correspondence is established from the non-perturbative type 
11 superstring theory. It is based on the fact that a Dp-brane has two distinct features 
[32]. on one hand, in weakly coupled type-II superstring theory, it behaves as a dynamical 
and geometrical object with open string ending on it. Thus a stack of coincided Dp-branes 
at low-energy will yield a, p + 1-dimensional supersymmetric gauge theory on the world- 
volume of Dp-branes. We can use various Z^-branes and solitonic branes as well as other 
possible geometric objects like orientifold planes to construct various possible brane con- 
figurations. In this way any gauge theory in principle can be obtained by such a so-called 
"brane engineering" [33,34]; On the other hand, a Dp-brane, as string soliton, carries R-R 
charge and couples with p + 1-rank antisymmetric field originating from the R-R bound- 
ary condition. This physical property of a D-brane determines that it provides source to 
the low-energy effective theory of strongly coupled type-II superstring theory — type-II su- 
pergravity. Therefore, it can modify space-time background of string theory and arises as 
a p-brane solution to type-II supergravity [35,36]. This is the physical reason behind the 
gauge/gravity duality conjecture. 

This suggests that we should resort to a D-brane configuration to look for the gravity 
dual of the internal superconformal anomaly. Since a supersymmetric gauge theory stems 
from a D-brane configuration, all its quantum behaviors including the quantum anomaly 
should be sensible from the corresponding D-brane dynamics [33]. Thus we first find how 
the superconformal anomaly is manifested in the D-brane configuration, then we use the 
gravitational perspective of D-branes to observe how it emerge in the gravity side. In this 
way, we can work out the gravity dual of the internal superconformal anomaly [37]. 

In Sect. II we review the field theory results on both the external and internal superconfor- 
mal anomalies of a supersymmetric gauge theory and demonstrate their physical difference. 
In introducing the external superconformal anomaly, we show how the the conservation of 
the superconformal current multiplet is equivalent to the super- Weyl symmetry of the ex- 
ternal conformal supergravity background. So the arising of the external supercomformal 
anomaly is converted into an violation of the super- Weyl symmetry in the external conformal 
supergravity. This paves the way for the derivation on superconformal anomaly in terms of 
the AdS/CFT correspondence. In discussing the internal superconformal anomaly, we stress 
that its anomaly coefficient is proportional to the beta function of the theory. Further, we 
show that in the quantum effective action it is manifested in the running of gauge coupling 
and the shift of the strong CP violation angle. To uncover how the 7-trace anomaly of 
is concealed in the quantum effective action, we write the quantum effective action in the 
superspace. This facilitate us to find how the superconformal anomaly is refiected in the 
D-brane configuration. We also give a specific introduction to A/" = 1 SU{N + M) x SU{N) 



super symmetric gauge theory since its gravity dual description is well studied. Later we 
shall use this theory to illustrate the dual of internal superconformal anomaly. Sect. Ill is 
about the holographic version on AdS/CFT correspondence and its low-energy approxima- 
tion. We start from Witten's definition [4] on the AdS/CFT correspondence between type 
II superstring in AdSd+i x X^^'^ background and a (i-dimensional SU{N) superconformal 
gauge theory living on the boundary of AdSd+i space. Then using the well-known fact that 
the low-energy effective theory of type II superstring is the type II supergravity, we get the 
approximation correspondence between d- dimensional SU{N) superconformal gauge theory 
at large- A^ limit and on-shell type II supergravity whose classical solution asymptotically 
approaches AdSd+i x X^~'^. Further, considering the spontaneous compactification on X^~'^ 
of type II supergravity and assuming that there exists a consistent truncation of the massive 
Kaluza-Klein modes [16], we finally establish a correspondence between the gauged AdSd+i 
supregravity and a d-dimensional superconformal gauge theory in a conformal supergravity 
background furnished by the AdSd+i boundary data of the bulk supergravity multiplet. To 
straightforwardly verify this conclusion acquired from string theory level, we start directly 
from five- dimensional gauged supergravity and check its solution to classical equations of 
motion which asymptotically approaches the AdS^ geometry. It is shown that at the leading 
order of the expansion in the radial coordinate the on-shell fields of gauged A/" = 2, 4 AdS^ 
supergravity indeed constitute the off-shell multiplet for A/" = 1, 2 conformal supergravity 
in four dimensions. This reveals the essence that we can get the external superconformal 
anomaly in four dimensions from gauged AdS^ supergravity. Based on this conclusion, in 
Sect. IV we derive the external supercoformal anomaly from gauged supergravity in five 
dimensions. The holographic chiral /^-symmetry anomaly comes from the Chern-Simons 
five-form term in gauged AdS^ supergravity; The holographic Weyl symmetry anomaly lies 
in the IR divergence of on-shell action of gauged AdS^ supergravity near the AdS^ boundary 
due to the infinite volume of AdS^ space. This requires a so-called holographic renormaliza- 
tion procedure to implement and thus leads to the holographic Weyl anomaly; Finally the 
arising of super- Weyl anomaly is revealed through the supersymmetry variation of gauged 
AdS^ supergravity. As a supersymmetric field theory, its variation under supersymmetric 
transformation should be a total derivative. When we take this total derivative to the AdS^ 
boundary and consider the on-shell fields, it is found that these total derivatives cannot 
preserve the four- dimensional supersymmetry and supr-Weyl symmetry simultaneously. In 
this way the super- Weyl anomaly is uncovered. From Sect. V we turn to the search for 
the dual description to internal superconformal anomaly. First, a general review is given 
on how a D-brane configuration can on one hand yield a supersymmetric gauge theory in 
a weakly coupled type II superstring theory and on the other hand behave as a classical 
solution to type II supergravity in a strongly coupled type II superstring. We emphatically 
point out the Z)-brane configuration comprised of N D3-branes and M fractional D3-branes 
in the traget space-time M^ x C®, here C^ is the six-dimensional conifold with the base 
T^'^ = [SU{2) X SU{2)] /U{1). This D-brane configuration in the field theory side gives the 
A/" = 1 SU{N + M) X SU{N) supersymmetric gauge theory with four matter fields in the 
bi-fundamental representation (A^ -|- M, A^) and (A^ + M, A^), respectively, of gauge groups, 
and in the gravity side produces the celebrated Klebanov-Strassler solution to type IIB 
supergravity. In Sect. VI, we consider the Dirac-Born-Infeld action and the Wess-Zumino 
term of describing the low-energy dynamics of Z^-branes and show that the internal super- 



conformal anomaly originates from the physical effects of fractional D-branes in the brane 
configuration. Then we use the feature of D-brane in strongly coupled type II superstring 
theory to argue that these fractional branes deform the three-brane solution to type IIB 
supergravity whose near horizon limit is AdS^ x T^'^ and convert this solution into the K-S 
solution. Further, by comparing the symmetries reflected in AdS^ x T^'^ and K-S solution 
background geometries, we find how space-time supersymmetries symmetry decrease due 
to fractional branes. Sect. VII shows how the dual of internal superconformal anomaly can 
be considered as a spontaneous breaking of local suersymmetry and the consequent super- 
Higgs mechanism in gauged asymptotical AdS^ supergravity. We choose the K-S solution 
as a classical vacuum configuration and observe the dynamical behavior of type IIB super- 
gravity. We realize that the spontaneous compactification of type IIB supergravity on the 
deformed T^'^ should occur and the resultant theory should be certain gauged supergravity 
in five dimensions. In contrast to the case of type IIB supergravity in the AdS^ x T^'^ 
space-time background, which gives rise to A^ = 2 gauged AdS^ supergravity coupled with 
SU{2) X SU{2) supersymmetric Yang-Mills theory and some Betti multiplets, we find that 
this gauged five- dimensional supergravity should be the gauged AdS^ supergravity but with 
spontaneous breaking of local M = 2 supersymmetry to A/" = 1. We further exhibit the 
consequent super-Higgs mechanism through which the M = 2 graviton multiplet acquires 
mass. Finally Sect. VIII is a summary and emphasis on the significance of distinguishing 
the gravitational correspondences of these two types of superconformal anomalies. 

II. TWO TYPES SUPERCONFORMAL ANOMALIES OF SUPERSYMMETRIC 

GAUGE THEORY 

A. Supercurrent and Superconformal Anomaly 

In a supersymmetric field theory, the Poincare supersymmetry algebra makes the energy- 
momentum tensor 9^'^ , supersymmetry current s^ and chiral R-current j^ constitute a su- 
permultiplet ^ . Further, if the theory contains no parameter with mass dimension, these 
currents at classical level are not only conserved, 

d^.e^'' = 9^s^ = 9^j^ = 0, (1) 

but also satisfy further algebraic relations, 

O'', = l,s^ = 0. (2) 

We can use these relations to construct three more conserved currents, 

d^d^ = d^k^" = d^F = 0. (3) 



^Here and in the following, the possible spinorial and chiral i?-syninietry group indices in s^ and 
j^ are suppressed in the supersymmetry currents in the supercurrent. 



These three new conserved currents gives rise to the generators for dilatation, conformal 
boosts and special supersymmetry, respectively. Consequently, the Poincare supersymmetry 
is promoted to the superconformal symmetry. 

However, the superconformal symmetry at quantum level may become anomalous. In 
the case that all of them, the trace 6^ of energy-momentum tensor, the 7-trace 'j^jfj. of 
supersymmetry current and the divergence d^j'^ of chiral i?-current receive contribution 
from quantum effects, 

{d,f,Ys„e^;) (4) 

shall form a (on-shell) chiral supermultiplet with the dfj_j^ playing the role of the lowest 
componentt [12]^. 

There are usually two possible sources for above chiral supermultiplet anomaly. One 
is that the supersymmetric gauge theory couples with an external conformal supergrav- 
ity background composed of the gravitational supermultiplet {g^i,,ip^,A^). Note that for 
a supersymmetric gauge theory in four-dimensional Minkowski space-time, the space-time 
symmetries which include the Poincare symmetry, supersymmetry and chiral i?-symmetry 
are all global ones and there are no gauge fields within the theory itself to couple with 
the supercurrent multiplet {9f^u, s^, j^). Once we consider the theory in a curved space- 
time background, the superconformal anomaly (4) will arise if the field configuration of the 
external conformal supergravity multiplet {g^u^ip^^A^) has non-trivial topology. 

The other type of superconformal anomaly supermultiplet originates from the dynamics 
of a less supersymmetric {M < 4) gauge theory itself and has nothing to do with exter- 
nal conformal supergravity background. Eq. (4) in this case is actually a scale anomaly 
supermultiplet. In an A/" < 4 supersymmetric gauge theory, an energy scale is generated 
dynamically due to the renormalization effect. Consequently, the scale anomaly and the 
corresponding multiplet required by supersymmetry must arise. To distinguish this scale 
anomaly supermutiplet with the one orginating from external supergravity fields, we call this 
anomaly chiral supermultiplet as the internal superconformal anomaly, while the former one 
as external superconformal anomaly. It should be emphasized that the internal anomaly has 
distinct features with the external one. The coefficient of internal superconformal anomaly 
depends on the beta function of the theory. For a superconformal quantum gauge theory 
such as A/" = 4 supersymmetric Yang- Mills theory, its beta function vanishes and there is no 
internal superconfromal anomaly, but the external one persists. 

In the following we list the external and internal superconformal anomalies in several 
typical supersymmetric gauge theories. 



^In case that O'^^^O, 7^J^7^0, whereas the chiral /^-currents keeps conserved, d^^p^'^ = 0, there 
will arise a linear anomaly multiplet {6^^^^^Sfj_,t^j_y). In this multiplet, the antisymmetric field t^y 
satisfies d'^tuf^ = 0. It appears in both multiplets of currents and anolies. But t^u does not yield a 
conservative charge for supersymmetry algera. One can get other types of anomaly multiplets by 
considering other possibilities. 



B. Superconformal Anomaly and Current Supermutiplet in J\f 

Yang-Mills Theory 



1 Supersymmetric 



A four-dimensional supersymmetric SU{N) Yang-Mills theory consists of a vector field 
V^, a Majorana spinor A and an auxiliary D. All of them are in the adjoint representation 
of SU{N). The classical Lagrangian density reads 



l.^a 



^ = -^G^G'^^^ + -aV(V,A)« + -{D 



ia\2 



(5) 



The current multiplet (j^, s^, ^^i^) can be easily derived from the the chiral Ur{1) symmetry, 
supersymmetry and Poincare symmetry with the Nother theorem. The internal anomaly 
chiral multiplet was obtained long time ago with an explicit perturbative calculation [53,7,9], 



d,f 



I's, 
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Aa) 

9 

Aa) 

9 



^ Gl^G^^^ + \d^ (\^i,i^r 



12 



1 
2' 



-^a'^'^G;:, + 75/^")A^ 



._^a^^,.a 



i^AV(V,A)« + ^(D'^)2 



-/5((?)A"A^ Q = -/5((?)A%5A" 



(6) 



It is obvious that the internal superconformal anomaly coefficient is proportional to the beta 
function of A/" = 1 supersymmetric Yang-Mills theory. The origins of scale anomaly O'^ and 
chiral anomaly are the same as in a usual field theory: The UV divergence requires the 
process of performing renormalization to make the theory well defined and hence need to 
introduces a dynamical generated energy scale, the scale anomaly thus arises; The acquire- 
ment of chiral Ur{1) anomaly d^j'^ is identical to the derivation on axial f/yi(l) anomaly 
in QCD. This Ur{1) symmetry is not compatible with the global vector Uv{l) rotational 
symmetry among gauginoes at quantum level. When the vector f/y(l) symmetry is pre- 
served, the Ufi{l) symmetry becomes anomalous. The production of 7 trace anomaly 7^s^ 
lies in the incompatibility of the conservation of supersymmetry current and non-vanishing 
7-trace of supercurrent s^ at quantum level. Since the supersymmetry current should keep 
conserved, the 7-trace anomaly thus emerges. 

In the following we turn to the external superconformal anomaly multiplet. As stated 
above, the currents must couple with an external supergravity multiplet in the following 
form. 



C, 



d''xV^[9'^''g^, + B^f + ^^s^ 



(7) 



The above Lagrangian density for a supersymmetric Yang-Mills theory in an supergravity 
background means that the covariant conservations of energy-momentum tensor, supersym- 



metry current and chiral i?-symmetry current. 



V^^'^^ 



0, are equivalent to the 



diffeormorphism tansformation invariance, local supersymmetry and gauge symmetry of the 
external supergravity, respectively. 



6B,{x) = V^A{x). (8) 

Further, the vanishing of both 7-trace of supercurrent and trace of energy- momentum tensor, 
I'^Sn = 9^ = 0, imphes the Weyl- and super- Weyl symmetries in the external supergravity, 

Sg^Lu = g^^u(^{x), 

S'^,, = lt,v{x), (9) 

These symmetries show that the external supergravity must be A/" = 1 conformal supergrav- 
ity in four dimensions [20]. Later we will see explicitly that in the context of AdS/CFT 
correspondence or generally gauge/gravity dual, this A/" = 1 external conformal supergravity 
in four dimensions comes from the AdS^ boundary value of A/" = 2 gauged AdS^ supergrav- 
ity multiplet and the A/" = 1 local superconformal symmetry in this conformal supergravity 
originates from the AdS^ boundary reduction of the A/" = 2 bulk supergravity. The external 
superconformal anomaly in A/" = 1 supersymmetric Yang-Mills theory will be reflected in 
the explicit violations of the bulk symmetries of A/" = 2 gauged AdS^ supergravity on the 
boundary of AdSrj space. 

With no consideration the quantum correction from the dynamics of supersymmetric 
gauge theory, the external anomaly is exhausted at one-loop level. The external supercon- 
formal anomaly multiplet for A/" = 1 pure supersymmetric Yang-Mills theory is the following 
[9], 

0', = ^^^ [Ic^^xpC^-^'^ - ^R.ux.R""'' + l^'^'K,,) , (10) 

In above equation, Kf^i, = d^By — di,B^ is the field strength of external Ur{1) vector field 
B^; R^uXp and C^j^Ap are Riemannian and Weyl tensors corresponding to gravitational back- 
ground g^u', V^ is the covariant derivative with respect to both gravitational and f/ij(l) 
fields. The common factor N"^ — 1 in the anomaly coefficients is due to the fact that the 
gaugino is in the adjoint representation of SU{N) gauge group. 

In contrast to the internal superconformal anomaly, the external one listed in (10) comes 
only from one-loop contribution of the theory and the anomaly coefficient is proportional to 
the number of gauge particles in supersymmetric Yang-Mills theory [55]. When we consider 
quantum dynamics of A/" = 1 supersymmetric Yang-Mills theory, the anomaly coefficient 
receives quantum correction [56]. In particular, the internal superconformal anomaly arises 
as a correction to the external one. 

Let us analyze the manifestation of internal superconformal anomaly (6) in the quantum 
effective action of A/" = 1 supersymmetric Yang-Mills theory. First, we re-scale the fields 
(A^, A, D) -^ {A^/g, \/g, D/g) and consider the strong CP violation term. Consequently, 
the classical action of A/" = 1 supersymmetric SU{N) Yang-Mills theory can be re-written 
as the following. 



Sci = ^ I d'^x 
9^ 



-Ig^G^"" + Ux^ri^.Xr + \ {D'^f 



(9(CP) I- 



;ii) 



The local part of the gauge invariant quantum effective action takes the form, 



1 



Teflf = ^ / cf^X 



-Ig^I^g^- + ^^aV(v,a)« + 1 (D") 



+ ^ j d'xGl^G^^^ 



:i2) 



where all the fields are renormalized quantities. The scale- and chiral anomalies are reflected 
in the running of gauge coupling and the shift of ^-angle due to the non- vanishing f3{g) [57], 



1 , 3iV go ?,N q 
m — = — - m — , 



gls{q^) g\ql) 8n^ '" q Stt^ "" A 
^(CP) = ^(CP) + 3iv. 



(13) 



To recognize the 7-trace anomaly of supersymmetry current in above gauge invariant 
quantum effective action, we must resort to the superfield form of quantum effective action 
(12) expressed in the superspace. 



C=-^ fd^eim[TTT{WW^)]+h.c.. 

SZTT J 



(14) 



In above equation, the parameter r is a complex combination of gauge coupling and CP- 
violated ^-angle. 



^(CP) 4^ 

T = —- h i 



2 ■ 



27r g^ 

Wa is the field strength corresponding to vector superfield V, 



W„ = -D 



l-2r^_,y/ V 



9 
In the Wess-Zumino gauge. 



(15) 



(16) 



-2^, ./)2ST ^q2-q^: 



w^ = d'I^d^v-^[v,d^v] 



A. - ^ {^na0 d'F,^ + ^d.D - id' {an^^ VX' 



(17) 



2 '" '"'^ 
We assume that r is the lowest component of certain constant chiral superfield, 

^ = T + ex + e'd (18) 

Further, we define that classically Xci = dc\ = and only at quantum level x ^^^ d get 
non-vanishing expectation values. 



Seflf = Tcff + OXcS + ^ defl, 



(19) 



10 



where 6'gg and g'^g are listed in (13). In the Wess-Zumino gauge, the generahzed quantum 
effective action in superspace takes the form, 



Teff = 7^ / d^0 Im [SeffTr (W'^W^)] + h.c. 



r I / f)^'"^'^ Ai-K \ 

j (feimli -^ + ^ + ^Xeff + ^'4ff [AA + lO {2XD + a^^^AG^,; 



3271 J \\ 27r g'^s 

h.c. (20) 



A comparison between Eq. (20) and the superconformal anomaly equation (6) reveals the 
presence of fermionic anomaly in the quantum effective action. The 7-trace anomaly of 
supersymmetry current due to the non- vanishing /5-function is reflected in the shift of the 
superpartner parameter x, exactly like trace- and chiral anomalies are represented by the 
shifts of the gauge couplings and the ^-angle. This is the advantage of promoting r parameter 
to a chiral superfield. Of course, this should be a natural conclusion since the superconformal 
anomaly constitutes a supermultiplet. However, later we will see that from the viewpoint 
of brane dynamics, the running of gauge coupling and the shift of 6 angle originate from 
fractional branes and further get down to the Goldstone fields. Therefore, introducing an 
artificial superpartner for the gauge coupling and ^-angle is very helpful for us to identify 
the Goldstone supermultiplet on supergravity side and find the super-Higgs mechanism due 
to the internal superconformal anomaly. 

C. Supercurrent in A^ = 2 Supersymmetric SU{N) Yang-Mills Theory 

The field content of A/" = 2 pure supersymmetric Yang-Mills theory consists of a vector 
field V^, a complex scalar 0=(A -|- iB)/2 and a SUi{2) symplectic Majorana spinor A* = 

A* = ( ym 1 , Aj = [X^.ieijX^j 

i,j = 1, 2 being the SUi{2) indices and C being the charge conjugation matrix. All of these 
fields are in the adjoint representation of gauge group SU{N). The Lagrangian density of 
this theory reads 



,]_pa^pa,u ^ ^ah'-D.X'^^ + i (D.Ar {D^AT + \ 



C = --F;,F'^^^- + -iXlrD^X'^' + - {D^Af {D^^Af + - {D,Bf (D^^Bf 



+ '-gr^X{A' + t^,B')X^' + ^{[A, Brf . (21) 

Note that now the i?-symmetry is Ur{2) = SUi{2) x Ur{1). The SUj{2) transformation 
rotates only the A doublet, 

5X' = iO^ U^y . A^ 5\ = -iXj (t^y.9^, (22) 
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while the chiral Uii{l) acts both of the spinor and the complex scalar fields, 



50(x) = -2ia(t){x), 6(1)* = 2ia(/)*, 
6\\x) = ia'-y^X^x), 6\i = iaXi'j^. 



(23) 



Let us write down the current supermultiplet for A/" = 2 supersymmetric Yang-Mills 
theory, which was actually derived long-time ago in the form of Weyl spinor [58,59]. First, 
the improved energy- momentum tensor reads [58,59], 



1 



1 



Xli^^D, + ^,D,)\^^ - {D,Xh, + DAh^)X" 



,\T-7ai 



+ -I 

2 



\\ai 



tV,u{X.l'Vt-VxK^^X 



(24) 



The improved supersymmetry current s* can be obtained from J\f = 2 supersymmetry 
transformation but with the modification of adding some total derivative terms. 



4 = -a^pl.y'F'''"' + 2z{A'' - i-i,B'')D,y 



+ '-{A'^ - z75i?")7M7'^.A» - ^a^^9, [(A" + i^,B'^)X 



(25) 



which is a SU{2)j doublet. Both the energy-momentum tensor and supersymmetry current 
satisfy the superconformal condition listed in Eq. (2). 

The SUj{2) current j^ and chiral Ur^I) current j^, can be read out from rotations (22) 
and (23), respectively. 



7^ 

J fM 



Ix'^^^lt^y^-^, A =1,2,3 



j, = lx':^,i,x^''+2z[<j>*^{D^<j>r 



{D, 



L*\o- j,al 



2 AITmTsA^" + A'^D^B^ - B^D^A\ 



(26) 



So we have following 24 + 24-component current supermultiplet. 



^pLVi ^ ^ai Jfi ■> 3fi.i '^pii'i ^ t ^) t 



(27) 



where 



<;' = - (A« + ^75^") A^' 



t 



,.-^a>,,a» + ^0'^f:-. 



D 



(,"'^0« = -{A 



a2 I r>a2 



^~ = - If - f , 



B" 



(28) 
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Similar to A/" = 1 case, one can discuss the superconformal anomaly of above current 
supermultiplet. It is well known that the A/" = 2 supersymmetric Yang-Mills theory has 
non- vanishing beta function at only one- loop [62], so the internal superconformal anomaly 
arises only at the first order of the perturbative expansion. The trace O'^ of the energy- 
momentum tensor O^i^, the 7-trace of supersymmetry current s* and the divergence of U{1)r 
current j^ form an anomaly supermutiplet dominated by A^ = 2 Poincare supersymmetry. 
The structure of this anomaly is similar to the A/" = 1 supersymmetric Yang-Mills case [61]. 
It should be mentioned that SU{2)fi is non-anomalous since it is a vector-like current and 
is responsible for the global SU{2)fi rotation symmetry of A/" = 2 Poincare supersymmetry 
after the superconformal symmetry breaks down. 

The external superconformal anomaly multiplet arises if the external A/" = 2 conformal 
supergravity fields {g^u, '^^, V^, B^, B^i,, X, x* ) couple with the off-shell supercurrent (27). 
Like the A/" = 1 case, the classical superconformal symmetry of A/" = 2 supersymmetric 
Yang-Mills theory correspond to the A/" = 2 superconformal transformation invariance of 
the external conformal supergravity. The structure of this A/" = 2 external superconformal 
anomaly is similar to Eq. (10) of the A/" = 1 case. 

D. Current Supermultiplet in AA = 4 Supersymmetric Yang-Mills Theory 

A/" = 4 SU{N) supersymmetric Yang-Mills theory in four dimensions is a non-trivial 
superconformal quantum gauge theory since its /9-function vanishes identically [63]. Its R- 
symmetry is the SUr{4) rather than U{4). The field content consists of SU{N) gauge fields 
A^, a Majorana spinor Aj in the fundamental representation of SUr{4), and complex scalar 
fields (f)ij=l/2{Aij + iBij) in the six-dimensional representation of SUr{4) and subject to 
an SUji{4:) covariant reality constraint (0jj)* = l/2e'^^^''(f>ki=(p^-' ■ To manifest the SUr{4:) 
symmetry in the classical action, it is necessary not to insisting on the symplectic-Majorana 

— i + 

feature of Aj. Instead we choose the chiral component A^j and define A^, = {\ai) so that 
\ai and Aq, constitute a four-component Dirac spinor Aj. Correspondingly, The classical 
Lagrangian density of A/" = 4 supersymmetric Yang-Mills theory is [63] 



c = -\f;^f'^>^^ + i^i'-D^Xt + ]^D,<p^^'^Dyt^ 



1 



2' 



ja,c y"(l + ^^)^.^c_^^(^_^^)^.^c., + r^^^.^^^^][^.,^^/c.] (29) 



1, 



h^o A^l] 



4' 



The members of current multiplet contains not only energy- momentum tensor Ofj^,^, super- 
symmetry current s* and chiral SUr{4) current j * • [60], 

e,. = \v,.F^x,F'''' - f;,f:' 
1 

+ -i 
2 



ril.D, + i.D^)K - [DXlv + DA^^) \t\ - -v,u [\ %D, - D,rY) K 



1 



1 



.,, = --a'^^F«7M(l + 75)A 



2 
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+z (1 - 75) {€,D,>^''' - D,<Pt,)^^') + 1^ (1 - 75) (r,,d^ (0^,A«^) 



) 



jt n . = r'D.rt, - D,rn 0. 



+^rV,(l - 75)A« - ^<5^,rS,(l - 75)A^, (30) 

but also the following compensating quantities, 

2 1^ M^ 2 



C — pa- piiva- pa± _ _ pa , _ paXp 



U, = \X (1 - 75) A,^ 
1- 
2' 

^^\ = 1(1- 75)6^^"^" (0™„a^ + 0La:^ 



y^' = T^A'^^ (1 - 75) ^y.A"' + 2^0"^^f;-, 



where A = 1, ■ ■ ■ , 15 denote SUr{A) group generators and i,j,k,m,n = 1, ■ ■ ■ , 4 are its 
fundamental representation indices. 

Af = 4 supersymmetric Yang-Mills theory has no internal superconformal anomaly since 
it has the vanishing beta function. However, the external superconformal anomaly can arise 
if above currents couple with external A^ = 4 conformal supergavity fields {g^u, V^^j ^^j, <^, 
ipi, E^^, B J^ , ip^-, D-^^). The structure of the external superconformal anomaly is similar 
to A/" = 1 case. 



E. Supercurrent and Internal Superconformal Anomaly in AA = 1 Supersymmetric 
SU{N + M) X SU{N) Gauge Theory with Two Flavors in Bifundamental 

Representations 

The dual description for M = 1 supersymmetric SU{N + M) x SU{N) gauge theory 
with two flavors in the representations (A^ + M, A^) and (A^ + M, N) on string theory side 
is the type IIB superstring in the geometric background furnished by Klebanov-Strassler 
solution [49] . The classical action of this supersymmetric gauge theory in superspace takes 
the following form [37], 

+ J d'9d'9J2 (^Z^e[^^^''^(^+^)+^^^^(^)] A, + 5,e[^^^^''(^^+^)+^^^^(^)]5^') | , (32) 

where the two flavors Aj and B^ are chiral superfields in the bifundamental representations 

{N + M, N) and (A^ + M, A^), respectively. This model also admits a quartic superpotential, 
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W = Ae*^e-^'Tr [AiBjAkBi), which normahzes the R-charge of chiral superfields Ai, B^ to be 
1/2. This model is a vector supersymmetric gauge theory and A^ and B^ can be considered 
as quark- and anti-quark chiral superfields, respectively. The two-component form of above 
action in the Wess-Zumino gauge is 



^ = E 



j=i 



3h 



_\Q{i)a.^^^'Q{^)a^ ^ ^^W^.^A* [v^X^^X^ + i/}(^K/}(^K 



327r2 f^" 



+ {D^Af D^<j)Aj + D^(t)'B (d^<1)b)\ + li^^a^D^ijAj + ^^ija^/^^V^^^. 



v^^E(-i)^^'^w \^rr'''>^A, - >^i^/r'^'<PA, - i^'sX^'-^'P 



Bj 



1=1 



b^T^^^PBjKh 



E^( 
1=1 



^)[ 



i+1 j^ai 

(i) 



-lY^'D 



Ltj 



+ F\'Fa, + FiFl + 



A ^Aj -r J^ B^ Bj 

1 / d'^W 



rpat 



'Aj 



')Aj 



dW 
dcpAj 



^^T^'<l>h 



+ Ff 



dW' 



B' 



'B, 



^AiM^Aj + TT—l^T-T^B^B + 2-— ^T-r^AiV's + h.C. 



(33) 



2 \d(j)Aid(t)Aj UCp-^UCp-Q U(pAiO(p'B 

where V^, D^ and D^ are gauge covariant derivatives in adjoint-, fundamental and anti- 
fundamental representations. 

The theory has global fiavor symmetry SUl{'2) x SUr{2) x Ub{^) x Ua{^) at classical level 
and the Ua{^) symmetry becomes anomalous at quantum level. In addition, the theory has 
R-symmetry chiral Ur{1). It is this chiral Ur{1) symmetry anomaly that enters the internal 
superconformal anomaly multiplet. 

The supercurrent multiplet (in four- component form) is similar to those in pure super- 
symmetric Yang-Mills theory and the difference is the involvement of the matter fields. 



■ai 



A "(7mV. + 7.V^)A"' - (V^A""7. + V.A"^7m)A" 



+^^M.G«-G»-^^ - Ug,^ 



A ^7" (VpA^O - VpA M 7''A'^^ 



rai 



\ti 



ti 



{D^<PaY' D,<Paj + {D,<PaY' D^<j)Aj 



D^<Pb)\ D,<P^ + {d,<I)b)] D^<I)^ 



- [d^d^ - g^^d'^ 



\ {d,d^ - 9,.d') {<Pi,<P^) 



ti 



V 2 i=i 



^\l - i,)X-^T^'<P% + 0i,T'^'A"'(l + 75)V^, - ^ E4) [<PaT'' 



^Aj 



^'bT^'4>\, 



i=l 



-|-superpotential terms} 



E ^.p7mA'^'G»'^>'^^ + - {D^cjyAr 7.(1 + 75)7^^, - 77^^0^.7.(1 - 75)7^^, 



i=l 
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+-7.(1-75)7m(c/0^^ 



1 



T^J 



0^,(1 + 75) K7^ ^ +0^i(l-75)^. 



Ait/ 



75)7m (^V^ [d^^b 



+-ia,,d'' [0L,(1 - 75) {Ci^^') + 0ij(l + 75)^, 



+2y2^(-l)^+^^(i)757^A"' \(f)^T''^(l)Aj - 0BjT"0|^1 + superpotential terms; 






1 —a 1 — ■ 

^M = o H A""7^75A"' - -V^-'7m75V^j 



2i 



<t^'B [D^ 



^fi<PBj 



D^(t)B) (f^Aj 



2i 
~3 

/.t 



/.ti 



D 



f^'PAj 



-(D 



t^(PA) 



\ti 



')Aj 



superpotential terms. 



(34) 



In above equation, A" and ip are Majorana and Dirac spinors, respectively, 

^ A" \ / WAin \ /„— T\J 



A" 



jaa 



i). 



•ipAja 
—a 



C^ 






(35) 



Classically the above conservative currents satisfy 9^ = 'j^s^ = up to the classical superpo- 
tential terms. At quantum level the superconformal anomaly arises due to the non-vanishing 
/3-functions of two gauge couplings. Let us first observe Uii{l) symmetry anomaly. Eq. (35) 



shows that the chiral current j^ is composed of gluinoes A"% (V'aj)™ and lip's) ■ With re- 
spect to the first gauge group SU{N + M), there are 2N fiavor matters and A"^ in its adjoint 
represenation. Hence they contribute 2N x (-1/2) = -N and C2[SU{N + M)] = N + M 
to the anomaly coefficient. So for the first gauge field background, the chiral i?- anomaly 
coefficient is A^ + M — A^ = M. A similar analysis for the second gauge group SU{N) gives 
the chiral anomaly coefficient —M. Therefore, the chiral f/i?(l) -R-symmetry anomaly reads 



d,f 



M 
16^ 



{gKiG^^ 



^^ - glC^lG"^^"] + classical superpotential contribution. (36) 



To show clearly the origin of the scale anomaly, we first consider the SU{N) x SU{N) 
gauge theory with chiral superfields Aj in (A^, A^) and B^ in (A^, A^) representations. The 
exact NSVZ /5-functions for those two gauge couplings. 



Pigl] 



Pigl) 



gf 



[3N-2Nil-^ig))], 



167r2 

[3N-2N{l-^ig))] 



gl 



IGtt 



(37) 



shows the /^-functions have zero-points with the anomalous dimension '^{g) = —1/2, at which 
the theory is a superconformal field theory. For the SU{N + M) x SU{N) gauge theory 
with chiral superfields Aj in (A^ + M, A^) and B^ in (A^, A^ + M) representations, the above 
IR fixed points are removed since now the above /^-functions become 



Pigl: 



SMgf 
IGtt^ 



Pigl) 



SMgl 
IGtt^ 



(38) 



16 



Consequently, the scale anomaly arises, 



3M 2 ^ ^^^^^ r 1 ,,,„„._,,,„. 1 



+classical superpotential contribution. (39) 



Further, the beta functions (38) also implies the 7-trace anomaly of supersymmetry current, 

+ classical superpotential contribution. (40) 

Similar to the A/" = 1 pure supersymmetric Yang-Mills theory case, the above supercon- 
formal anomaly manifest itself in the quantum effective action as gauge coupling in super- 
space. The local part of the explicit gauge invariant quantum effective action composed only 
of gauge fields takes following form in superspace, 

Teff = 1^ fd'O Y^Im [S(,)effTr (w^«"W^»)] + h.c, (41) 

6271 J j^-,^ 

where S(j)eflf is given in Eq. (19). The effect of superconformal anomaly reflects as 

' =^ + (-l)-^^^lng^ 

0^ = 0^' + i-iy^'M, 

X(^)cS = + {-ly+'M. (42) 

This ends our discussions on the superconformal anomaly in A/" = 1 SU{N + M) x SU{N) 
supersymmetric gauge theory. 



III. HOLOGRAPHIC VERSION ON ADS/CFT CORRESPONDENCE, 

ON-SHELL GAUGED ADS5 SUPERGRAVITY AND OFF-SHELL 

FOUR-DIMENSIONAL CONFORMAL SUPERGRAVITY 

A. AdS/CFT Correspondence and Gauged Supergravity 

The original AdS/CFT correspondence conjecture [2] states that type IIB superstring 
theory in AdS^ x S^ geometrical background with A^ units oi R — R flux passing through 
S^ describes the same physics as A/" = 4 SU{N) supersymmetric Yang-Mills theory in four 
dimensions does. A concrete holographic definition on the AdS/CFT correspondence was 
given in Refs. [3] and [4], which has two versions. The first one is based on canonical quan- 
tization of a field theory, it states that quantum states of type IIB string in AdS^ x S^ 
space-time background should have one-to-one correspondence with gauge invariant opera- 
tors of A/" = 4 supersymmetric Yang-Mills theory in four dimensions. Due to the difficulty 
in quantizing string theory in curved space-time, one can can only establish correspondence 
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between supergravity modes on string theory side and certain operators of A/" = 4 super- 
symmetric Yang-Mills theory. The other version is expressed in terms of the path integral 
quantization, which states that the partition function of type II superstring should equal to 
the generating functional for the correlation functions of composite operators in a supercon- 
formal field theory defined on the boundary of AdS^ space. Concrete speaking, given type 
II superstring theory in target space-time background AdSd+i x X^~^ with X^~'^ being a 
compact Einstein manifold, its partition function Zsumg with bulk fields having non-trivial 
AdSd+i boundary value takes the following form, 

^string [0] L^^„ = /, ^ V(f){x,r)exp{-S[(j){x,r)]), (43) 

where 0o(3^) is the boundary value of the field function (f){x,r) in AdSd+i bulk such as the 
graviton, gravitino, NS-NS and R-R antisymmetric tensor fields etc. On the other hand, 
the generating functional for correlation functions of gauge invariant operators 0{x) in 
conformal field theory on the AdSd+i boundary is 



CFT [<Po\ = \exp / a xU[x)(i)o[x) 



exp / d'^xO{x) 

JMd- 

1 /■ " 

E - / n d^^^i (^i(^i) ■ ■ ■ OnM) M^i) ■ ■ ■ (PoM 

exp (-f CFT N), (44) 



where r[0o] denotes the quantum effective action describing composite operators interacting 
with background field (f)o{x). The AdS/CFT correspondence means 

^string [0]|^^^„ = ZcFT [0o] • (45) 



Since the string correction to type II supergravity is proportional to 1/^/gJ^, Qs being the 
string coupling, thus in the large- iV limit, one can neglect string effect and just consider 
its low-energy effective theory, i.e., the type IIB supergravity. In this case, the partition 
function (43) of type IIB superstring can be evaluated with saddle-point approximation. 
That is, it is approximately equal to the exponential of supergravity action evaluated at the 
field configuration 0'^'[0°] that satisfies the classical equation of motion of type II supergravity 
with the boundary value 00, 

^string [0]|^^^„ = exp (-5sUGRAIl[0^^[0o]]) • (46) 

Comparing (46) with (44) and (45), we conclude that the background effective action of 
d-dimensional conformal field theory living on AdSd+i boundary at large- A^ limit is approx- 
imately equal to on-shell classical action of AdSd+i supergravity. 



CFT <P0 



^^oo = "^SUGRAIli^^'l^o]] (47) 



Let us specialize to the d = 4 case and analyze the role of five-dimensional gauged super- 
gravities [19,84,66] played in the AdS/CFT correspondence [73]. The AdS^ x S^ space-time 
background arises from the near-horizon limit of D3-brane solution of type IIB supergrav- 
ity [31], so in AdS^ x S^ background the spontaneous compactification on S^ of type IIB 



supergravity must occur [15]. Based on the assumption that there exists a consistent nonhn- 
ear truncation of massless modes from the whole Kaluza-Klein (K-K) spectrum of type IIB 
supergravity compactified on S^ [16-18], the resuhant theory should be 5*0(6) (= S'f/(4)) 
gauged A/" = 8 AdS^ supergravity since the isometry group SO (6) of internal space S^ be- 
comes gauge group of the compactified theory and specifically, the AdS^ x S^ background 
preserves all supersymmetries in type IIB supergravity [66]. In particular, the massive K- 
K modes correspond to irrelevant gauge invariant operators on field theory side [4]. The 
truncation of massive K-K modes in compactified type IIB supergravity means ignoring 
irrelevant operators in the quantum effective action rcFT[0o] for gauge invariant field oper- 
ators. So the AdS/CFT correspondence finally reduces to the equivalence between on-shell 
A/" = 8 5*0(6) gauged AdS^ supergravity and the large-A^ limit of A/" = 4 supersymmetric 
Yang-Mills theory in A/" = 4 conformal supergravity background furnished by the boundary 
data of gauged AdS^ supergravity [4,83], 

rcFT[0o]U^oo = '^AdS-SUGRA[0^'[0o]] (48) 

Further, there is a straightforward generalization. If the background for type IIB super- 
gravity is AdS^ X X^ with X^ being an Einstein manifold less symmetric than S^ such 
as T^'^ = {SU{2) X SU{2))/U{1), then due to the singularity in the internal manifold, the 
number of preserved supersymmetries in gauged AdSr, supergravity is reduced and the gauge 
group of becomes smaller [74-77]. One can thus obtain the gauged A/" = 2,4 AdS^ super- 
gravities and their dual field theories should be A^ = 1,2 supersymmetric gauge theories 
[73,75-77]. Strictly speaking, the A/" = 1, 2 quantum supersymmetric gauge theories are not 
conformal invariant since they have non-vanishing beta functions. However, it was shown 
that renormalization group flow of these supersymmetric gauge theories have the fixed point, 
at which the conformal invariance arises [76-82]. Therefore, the AdS/CFT correspondence 
between A/" = 2,4 gauged AdS^ super gravities and the four- dimensional A/" = 1,2 super- 
symmertric gauge theories at fixed-points of their renormalization group flow be established 
[73,75-77]. 

Eq. (48) means that the on-shell action of gauged AdS^ supergravity equals to the quan- 
tum effective action of superconformal gauge theory in an external conformal supergravity 
background [4,83], only now the background field comes from the boundary value of super- 
gravity in one-dimension-higher space-time. As introduced in Sect. II, a classical supercon- 
formal gauge theory in an external supergravity background suffers from superconformal 
anomaly, which should be contained in the background effective action. Therefore, the ex- 
ternal superconformal anomaly can be extracted out from the on-shell action of gauged AdS^ 
supergravity in terms of the AdS/CFT correspondence. 

In following subsections we shall recall some typical features gauged A/" = 2,4,8 super- 
gravity in five dimensions and see how A/" = 1,2,4 off-shell conformal supergravity in four 
dimensions arise from gauged supergravities. 

B. AA = 2 C/(l) Gauged AdS^ Supergravity and M = I Conformal Supergravity in Four 

Dimensions 

The ungauged A/" = 2 supergravity in five dimensions contains a graviton ej", two 
gravitini ip'^ and an Abelian vector field A^ [65,19,89], a = 1,2 being SU{2) doublet index. 
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The theory has a global USp{2) = SU{2) symmetry. The gravitini are USp{2) = SU{2) 
doublets and symplectic Majorana spinors. The classical Lagrangian density is [65,19,89] 



+ 7r^^^ C'oooe" "^^ FapF^crAs 



1 

ho ^^T^^^^paF^s + 2^ ^^F^f, ) + four-fermion terms, (49) 



8^6 
The supersymmetry transformation laws are [19] 



sr. = v.e'^ + -^tho (7/^ - A5fr) %,r 



4^6 



/37fc , 



v^-',oT^ 



6A^ = ^th^^Ja. (50) 

The gauged M = 2 supergravity can be obtained from above ungauged supergravity 
by converting f/(l) subgroup of the global SU{2) group into a local symmetry group and 
considering the vector field A^ as U{1) gauge field. The space-time covariant derivative on 
gravitini should be enlarged to include f/(l) gauge covariance, 

dJ''^ = VJl + gV,AJ-'^^,, (51) 

where g is the U{\) gauge coupling. The gauged Af = 2 supergravity action is [19] 

• fF 

e-'C = e-i/:,„_gaugcd + g'Po - '-^gi^lr^i^l^abPo. (52) 

In Eqs. (49) and (52), aoo, h^ and Cqoo are parameters that can be determined by A/" = 2 
supersymmetry; Pq is the scalar potential when this M = 2 supergravity couples with matter 
fields, while in the case at hand, it is a pure supergravity, Pq is just a parameter. 

We require that the above U{1) gauged Af = 2 supergravity (52) has domain wall solu- 
tion which should asymptotically approach AdS^ vacuum configuration. The solution thus 
presents the following standard form. 



/2 

ds'^ = — 



g^iv{x^ r)dx^dx'' + dr^ , 
^a = < = 0. (53) 

This requirement fixes the parameters in the Lagrangian (52) as the following [19,23], 

9 = -. ho = -\^, h'> = ^, \/o = l, Po = 2/iVo = ^1/^, 

^ 4' " 2V2' /lo /ys 

_,, ,2_3/2 „ _5 3 3 _ 3v^/3 

^00 — [ho) — -^, t^ooo — ^"-0 ~ ^ctoo/^o — — :t^ — • (54j 
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It should be emphasized that the space-time background described by AdS^ solution (53) 
preserves the full Af = 2 supersymmetry. Consequently, the Lagrangian density (55) up to 
the quadratic terms of fermionic field becomes 

1 1 —a 3/^ /^ 



^#,7"^^J'5a. - ^^ (^P.T^^'^^aF.s + 2^ ^f F,^j - ^. (55) 



The supersymmetry transformation at the leading order of fermionic field reads 
Sr^ = D^r + ^ (7/' - 46ff) Ff^se" + ^^9%S'^%, 

6Aa = Jlpa^a- (56) 

In the following we choose the above AdS^ solution (53) as a vacuum configuration for 
this M = 2 f/(l) gauged supergravity. Then we expand the theory around this vacuum 
configuration and derive classical equations of motion for ^q,^, Tp]^ and A^. The dynamical 
behavior of gauged supergravity near AdS^ vacuum configuration can be observed by solving 
linearized equations of motion. Geometrically, this is actually a process of revealing the 
asymptotic behavior of the bulk fields near the boundary of AdS^ space. 

The linearized classical equations of motion for graviton ^q,^, gravi-photon A^ and grav- 
itini -^^ are (linearized) Einstein-, Maxwell- and Rarita-Schwinger equations, respectively, 

Ra(5 - -QapR - pdafS = (57) 

e-'da[g'''dsAf3{x,r)] =0, (58) 

-^ 3? - 

r^^'Dp^ya + -^SabT% = 0. (59) 

The solutions to these equations near AdS^ boundary (given by r ^ 0) can be expressed as 
a series expansion in terms of r/l. Here we consider only the leading order in the expansion 
given in Ref. [23]. First, the AdS^ vacuum configuration (53) and the partial gauge-fixing 
choice on diffeomorphism symmetry in r-direction determine that the solution to Einstein 
equation (57) at the leading order of r/l expansions should be the following [23] , 



e, 



-;(x,r) = i-e;(x) + 0(r//), e/ = e^^ = 0, e/ = ^ + 0(r//). (60) 

The background solution and torsion-free condition d(?" + u)^gAe'^ = yield spin connections, 

Q^Ax,r) = —er(x,r) = — e"(x), 

r 

u)''^{x,r)=u''^{x). (61) 
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To solve the Maxwell equation (58), one should first fix f/(l) gauge symmetry in r-direction. 
The most convenient choice is 

A4{x,r) = 0. (62) 

Subsequently, Eq. (58) leads to 

A^{x,r) = A^{x) + 0{r/l). (63) 

For gravitino equation (59), the gauge choice of fixing local supersymmetry in radial direction 
that is consistent with bulk supersymmetry transformation is 

^2{x,r) = 0. (64) 

The spin connection (61) and the gauge field (63) as well as the gauge choices (62) and 
(64) lead to the neai-AdS^ boundary reduction of bulk covariant derivatives, 

A = <94, D^ = D^{x) - —7/^75, 
D,{x) ^V, + i<^7 .. + l^,, (65) 

where the convention for 7-matrix is chosen as the following, 

7r = 7r, % = e/7r = -7m> T = e^rl' = jl^ i 75 = 7^ = 74, ll = 1- (66) 

The linearized gravitino equation (58) reduces to 

r" {Sabdr - ^S,b - ^l^eab) ^t{x, r) - r^'M^H^paix, r) = 0. (67) 

The above equation can be diagonalized by combining those two components of symplectic 
Majorana spinor, ip^ = 'ip^i +iipn2, and performing chiral decomposition ipj^ = (1 —75)72 '^^, 
■^^ = (1 + 75)/2-^^. Near AdS^ boundary (r -^ 0), Eq. (67) gives the equation for ipj^ [23] 

5r + ^)v^^(x,r) = 0, (68) 

and hence the radial dependence of ipj^ is 

i^;{x,r)=^-j i,^{x). (69) 

The left-handed component is not independent, and its radial coordinate dependence turned 

out to be [23] 



12' 



Xi = ^l"" (d,^^ - D^^p;) - -e^^'^^.Y (Dx^f - D,^f) . (70) 
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The near-AdS^ boundary solutions listed in Eqs. (60), (63), (69) and (70) show that 
on-shell Af = 2 f/(l) gauged supergravity multiplet (ej", ip^, A^) reduces to the boundary 
field {e^, ipj^, A^). To reveal the physical features described by these boundary fields, 
we check the boundary reduction of bulk supersymmetry transformation law realized on 
{e^, ipj^, A^). First, the same as that done on bulk gravitino fields, we combine the bulk 
supersymmetric transformation parameter, e(x, r) = ei{x,r) + ie2{x,r) and decompose it 
into chiral components. Then we choose the radial coordinate dependence of e^'^ in the 
same way as bulk gravitino. 




e^[x,r)=[-] e^(a;), e'^{x,r) = {2lry^' r]^{x). (71) 



At the leading order of r/l expansion, the bulk supersymmetry transformation (56) becomes 
the following [23], 

~ 3i 

5i>^ = D^e - -f^T] = V^e - — A^75e - 1^^V, 

5A^ = i (V^^75^ - X^75e) , (72) 

where all the spinorial quantities, ip^{x), Xm(^) ^(^) ^^^ vi^) ^^^ Majorana spinors con- 
structed from their two-component chiral spinors ipl^{x), x^{^)y e^(a^) and rj^lx). One can 
immdietely recognize that Eq. (72) is the supersymmetric transformation law for the four- 
dimensional A/" = 1 conformal supergravity with e and 77 being Poincare- and conformal 
supersymmetry transformation parameters, respectively [20,21]. 

Further, it can be easily checked that other symmetries in J\f = 2 U{1) gauged supergrav- 
ity near AdS^ vacuum configuration also convert into those in the four-dimensional A/" = 1 
conformal supergravity. For examples, the bulk diffeormorphism invariance decomposes into 
the four- dimensional diffeomorphism symmetry and the Weyl symmetry [25], and the bulk 
supersymmetry converts into the Poincare supersymmetry and the conformal supersymme- 
try in four dimensions [23]. Therefore, the AdS^ boundary reduction of on-shell M = 2 U{1) 
gauged supergravity constitutes the 8+8 off-shell multiplet of A/" = 1 conformal supergravity 
in four dimensions [23]. The matching of degrees of freedom between the on-shell multiplet 
(ej", ■^^, Aa) and off-shell multiplet (e^^, ip^, A^) are hsted in Table I. 



23 



TABLES 



On-shell 5-DM = 2U{l) 
Gauged Supergravity 


Off-shell 4-D AA = 1 
Conformal Supergravity 


ej": l/2x (5-2)(5-2 + l)-l = 5 


ej: 4x4-4-6-1 = 5 


Ao,: 5-2 = 3 


Af,: 4-1 = 3 


<: 1/2 X (5 - 3) X 4 X 2 = 8 


iP^: 4x4-4-4 = 8 


8 + 8 


8 + 8 



TABLE I. Field correspondence and matching of degrees of freedom between on-shell 
five-dimensional J\f = 2 U{1) gauged supergravity and off-shell M = 1 conformal conformal in 
four dimensions. 



On-shell 5-D AA = 4 SU{2) x f/(l) 
Gauged Supergravity 


Off-shell 4-D AA = 2 
Conformal Supergravity 


ej": 1/2 X (5-2)(5-2 + l)-l = 5 


ej: 4x4-4-6-1 = 5 


W^: (5 - 2) X 3 = 9 


4,: (4-1) X 3 = 9 


A^: 5-2 = 3 


a^: 4-1 = 3 


B^^: 1/2x3x2x2 = 6 


Bf,^: 1/2x4x3 = 6 


</.: 1 


(/>: 1 


ij^: 1/2 X (5 - 3) X 4 X 4 = 16 


V-j,: (4 X 4 - 4 - 4) X 2 = 16 


X": 1/2x4x4 = 8 


X': 4x2 = 8 


24+24 


24+24 



TABLE II. Field correspondence and degree of freedom matching between five-dimensional 
on-shell AA = 4 SU{2) x U{1) gauged supergravity and off-shell M = 2 conformal supergravity in 
four dimensions. 
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On-shell 5-D AA = 8 SO (6) 
Gauged Supergravity 


Off-shell 4-D AA = 4 
Conformal Supergravity 


e^™: l/2x (5-2)(5-2 + l)-l = 5 


ej": 4x4-4-6-1 = 5 


ivi-^: (5 - 2) X 15 = 45 


yv: (4-l)x(42-l)=45 


B^^p: 1/2 X 3 X 2 X 6 X 2 = 36 


B^J*^': 1/2x4x3x6 = 36 


yljab T/a6. 
•' ^ ^ Ip ■ 

42 


(/.: 2 

Eif. 1/2 x4x (4 + 1) X 2 = 20 

D'\f 6x6-4x4 = 20 


<: 1/2 X (5 - 3) X 4 X 8 = 32 


^J^: (4 X 4 - 4 - 4) X 4 = 32 


X"*^^: 1/2 X (56 - 8) X 4 = 96 


X'. 4 X 4 = 16 
X'\: (6x4-4) X 4 = 80 


128+128 


128+128 



TABLE III. Field correspondence and degree of freedom matching between on-shell 
five-dimensional AA = 8 5*0(6) gauged supergravity and off-shell AA = 4 conformal supergravity in 
four dimensions. 
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C. Off-shell J\f = 2 Conformal Supergravity in Four Dimensions from On-shell A^ = 4 

SU{2) X f/(l) Gauged AdS^ Supergravity 

All Af = 2k < 8 (k=l,2,4) supergravities in five dimensions can be obtained through 
consistent truncations on A/" = 8 supergravity. This procedure is actually the dimensional 
reduction in the representation spaces of global -^6(6) group and local USp{8) group in 
A/" = 8 supergravity [65]. In the following we introduce A/" = 4 SU{2) x U{1) gauged 
supergravity in five dimensions [65,84-86] and show how its classical dynamics near AdS^ 
vacuum configuration leads to the off-shell conformal supergravity in four dimensions. The 
ungauged A/" = 4 supergravity in five dimensions has both global USp{4) and local f/S'p(4) 
symmetries. The field content consists of a graviton ej", four gravitini ipaa and four spin-1/2 
fields Xa in the fundamental representation 4 of the global and local USp{4), five vector fields 
]y\ab] jj^ representation 5 of USp^A), one vector field A^ and one scalar field in the trivial 
representation of USp{4). All the fermionic fields are USp{4) symplectic Majorana spinors, 

i.e., they satisfy A = A*7o = X^C. The indices a, 6 = l,---,4 label the fundamental 
representation of USp{4). The fundamental representation of USp{4) is actually a 5*0(5) 
spinor representation since there exists the isomorphism USp{4) = Spin (5). Thus, the 
various representations of USp{4) can be obtained with the representation of five Euclidean 
dimensional Clifford algebra generated by {Ti)J', 

(r.); (r,),^ + (r,); (r,),'' = 2%C (73) 

where i = 1, ■ ■ ■ , 5 are the vector indices of Spin(5). In particular, the adjoint representation 
of USpi4) - Spin(5) is given by (F,,),^ = t/2 [T„ T,lK 
The Lagrangian density for the ungauged case is [84] 






iXa¥'^<^bWf, + 'c^fT^XaP^p - -^e {i^lT^'^^l + 2^ ''r') Ws.a, 



H-four-fermion terms, (74) 



where 



^ e = expji/Va^i, 

FaP = daAj3 — d/sAa, 

W:l = dMt'^ - dpW}^'^ + [Wo., I?^]['^^l (75) 

The gauge group is the subgroup SU{2) x f/(l) of global USp{4) group [85]. The reason 
for choosing such a gauge group is based on the existence of AdS^ solution to the A/" = 4 
gauged supergravity. The A/" = 4 anti-de Sitter supergroup in five dimensions is S'f/(2,2|2) 
and its maximal bosonic subgroup is SU{2,2) x SU{2) x f/(l), while SU{2,2) ^ 5*0(4,2) 
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is the space-time symmetry group of AdS^, thus one can gauge the SU{2) x f/(l) group 
to get an A/" = 4 gauged supergravity. To complete this gauge procedure one should first 
branch field representations of f/ 5*^(4) into the representations SU{2) x f/(l).In this way 
the transformation behaviors of fields with respect to gauge group SU{2) x U{1) can be 
naturally obtained from the USp{4) representations in the ungauged case. First, the adjoint 
representation of USp{4) decomposes into 

10 = 3©1©3©3 

Jij = Jij © J45 © Jm © Ji5, (76) 

where I, J,K = 1, 2, 3 denote SU{2) group indices. Note that above generators have repre- 
sentations in terms of Clifford algebra generators , one has the representation 



Jij - 


^[r-r,], 






Jlj-- 


-'^[^i,^j]- 


T^K45 




Jib = 


= iT4T5, J41 


= ^r4r/, 


Jbi 



iT^Vi. (77) 

The spinor and vector representations of the global USp{A) are branched with respect to 
SU{2) X f/(l) as the following, 

4 = 2i/2©2_i/2; 

5 = 3o © li © 1-1. (78) 

That is, the five vector fields W^'^'^ convert into the SU{2) gauge fields VF^r/45 and two 
vector fields W^ {p = 1,2) with 5*0(2) = f/(l)-charged. Further, W^ are replaced their 
Hodge dual B^^ and specifically the tensor field B^^ should satisfy self-dual condition, 

B^ oc e^'^Bq, which keeps B^ (equivalently W^ massless). The vector W^ and Aa shall act as 
SU{2) X U{1) gauge fields with the coupling constant gi and (72- Therefore, the SU{2) x U{1) 
covariant derivatives acting on a spinor 'ipa-, a vector X^'^ and scalar should take the form, 

D^X'P = VaX'P + giA^e^'^X''^ + g2e''''W^X''P, 

D«0 = dc$ - igiA^^. (79) 

The Lagrangian of gauged A/" = 4 supergravity with the gauge group SU{2) x f/(l) is 
[85] 

-\e iw'-'Wi, + B-^^B%) + hr^'^^'i^'^ [^^e,,Blfi,Bt - Wi,W\,A^ 
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+P[0] + four-fermion terms, 



(80) 



where 



K'p=i[wUT,r+Bi,iv,r 



1/3 



rpab 
j^ab 



6v^ 



92^ 



-t92^ 



-1 



-1 



12 



6^2 2^3 



^1^' (r45 



^iC^ (r. 



tab 



45 J 



(81) 



and the scalar potential P[0] is 



P[0] = STa.T'^' - -A^'Aab 

= \g2 fer' + 2V2(7iO . 



(82) 



The corresponding supersymmetry transformations to the leading order of fermionic terms 
is listed as following [85], 






8B% = 2D[„ 



^r'(-f,]^ + ^mn(^nab 



v^ 



Vs' 



-^ig.e^'^ (r,),,e ii^li,]^ + ^x%/ 



1 

3^ 



2^3' 



(^0 = ^^xX, 



5ra = D^^ + %T''''^b 



<5Xa = -^^D^^Za + A,5?^ - ^T"'' {H^pab ' V2Kpab) t. 



Cfe, 



(83) 



It was found in Ref. [85] that when g2 = v^fl'i there exists a classical AdS^ solution to 
this gauged supergravity which preserves the full A/" = 4 supersymmetry [85,68,67]. The 
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explicit form of AdS^ solution is the same as that given in (53) and all other fields vanish. 
The cosmological constant A comes from the scalar potential at its extremum = 0^ 



and subsequently 



A = 4P[0o = 0] = Ig' = f. 



2^f2 



(84) 



(85) 



We expand above A/" = 4 gauged supergravity around the AdS^ vacuum configuration 
and rescale on bulk gauge fields and gauge coupling, 



The linearized classical action near above AdS^ vacuum configuration is 



J_p<^Pp. _ i (l2^^IaP^I + B'^Ppb^ 



Q/3 



'aP 



_\^x^.M&o L.BP^D^BL - I'wLwLA. 



^pq-^a/S-^l-^Sa 



afS ''^ 'fS (^ 



(86) 



il 



4v^ 
il 



wi, {T^r + y5^, (r,)'^^ + -^n^'F^, 



1 

3" 



i^allSl M^b 



I 



2^6 
il 
12^2 






—5 



-a/3 



i'al ls\Xb 



Xal'^^Xb 



+^dMpT¥xa + ^ {T,,)^XT'i'l + Yi (r45)„,rx' 



4/ 



4/ 



+ — + four-fermion terms. 



(87) 



The supersymmetry transformation law (83) at the leading order of fermionic terms becomes 






_!__!>, _Lr,„Ar').. 



S^a = Yl (^«^« + -J^X^'la^aj , 



^Note that this convention is different from that in Ref. 



29 



^«- - T2 






V2' 

i 
72/ 



1 

73' 



e* rr^^ 



afe 



-4=D, f -v;> + -^r%A in 



^'' (r.)., Ulip^ - %%^ + ^T^x"^.;^?' 



V2 



X e« 



#c 



/^aea + ^7a(r45Jabe 



cb 



6v^ 
1 



7, 



/3<5 



isl'i') w;„ (T,\, + iflj, (r,)„, + ^a^Pg, 



sx. = ^^raj?, - ^7 



a/3 



^i i^i)a, + T^:/3 (r,)., - V2n^bF. 



al3 



t. 



t. 



(88) 



The linearized equations of motion for A/" = 4 SU{2) x f/(l) gauged supergravity multiplet 
$ = (ej", IV^, Ac, i?^^, 0, ipaa, Xa) s.Te the Einstein equation and the following equations, 



e-'d^ig'^'dsW') = 0; 



(89) 



e-'d^ig'^'dsAfs) = 0; 



(90) 



-'d^ [eg^ 



dP{<p) 



(91) 



B^. 



3/ 



a/3 



ee^^e^p,s.D^^B''^\ 



31 



.pq 



e'^^eeai3jSa9 "9 9 



-y^' ---55' ---era' r-) B 
" (7 Q IJlYlJs'a']q, 



(92) 



r^aXa + -(r45),,x' = 0; 



(93) 



T^'D^^sa - -^ {r,,),,n'"^T%c = o. 



(94) 



The following task is to find the solutions to these equations which asymptotically approach 
AdS^ vacuum at r ^ 0. A detailed process of solving these linearized equations is displayed 
in Ref. [87]. As in A/" = 2 case, the gauge choices in radial direction and the solutions to 
above equations near AdS^ boundary take the following forms [87], 



/ 



e/(a;,r) ~ -e/(a;), e/ = e^ 



^-0, e/ 



/ 



Ai_,{x, r) ~ A^{x), Ai{x, r) = 0; 
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Wl{x,r)^W^{x), Wi{x,r)=Q- 
0(x,r) ~ iyjj 0(a;); 



1 



Bf,^{x,r)^i-] B;^{xy, 



-1/2 



r,{x,r)^(^) ^;(x), r,{x,r) = 0; (95) 

In above equation we need to make some explanations on neax-AdS^ boundary behaviors of 
antisymmetric field 5^^ and fermionic fields x"'^ V'S [87]- First, we define 

Ba^ = ^ {Btp - ^Bi;) . (96) 

This is actually converting the 5*0(2) vector representation on B^ into U{1) representation 
on B^y. Further, we decompose B^^ into self-dual and anti-self-dual sectors, 

B% = 2 [Bf^'^ ±B^^y, 

^,u = \ee,,Xpg^''g'''B^'. (97) 

B^^ is not an independent quantity and its relation with B'^^^ is given by (r/x) component of 
Eq. (92). 

5% = -^ee^'^e,,,X''9^'9''^Dy^Bs^^,. (98) 

This equation also shows that the radial coordinate dependence -B^^„ is one power higher 
than B\,. 

As for the near-AiiS's boundary behavior of on-shell fermionic fields ip^j^ and x""-, they are 
in the fundamental representation of USp{A). According to Eq. (78), these fermions should 
decompose into two SU{2) doublets with opposite U{1) charges. We choose following explicit 
representations of F-matrices for the five- dimensional Euclidean Clifford algebra (73) [87], 

F^ = l®CTi, F2 = 1®ct2, F3 = CT3®CT3, F^ = ai®CT3 F^ = a2®a3, (99) 

and hence obtain the representation for SU{2) x f/(l) generators, 

2 

T^ = -as ® (Ti, T^ = -as 0^2 T^ = -1 ® as 

[Q,T^] = 0, [T^,T'^] = ie^^^T^. (100) 
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These explicit representations for SU(2) x f/(l) generators determines that the first two 
components of ^^ in the fundamental representation of USp{4) should be chosen as the 
SU{2) doublet with f/(l) charge +1/2 and the last two components as the doublet of U{1) 
charge -1/2 [87], 



i^o 







^^) = u; ' M = (^*) = u! ' ^ = i'2- (101) 




In above equation, "^a represents either ipf^ or x"". Therefore, the equation of motion (93) 
((94) for x"' (V'u) reduces to that for ipl^ (x*). Further, like in the M = 2 case, we perform 
chiral decomposition on the four-dimensional spinors ip"^ and x* and the corresponding reduc- 
tions of equations of motion on chiral spinors give the asymptotical behaviors of fermionic 
fields shown in Eq. (95). Note that ip\{x) {x^{x)) is SU{2) symplectic Majorana spinors con- 
structed from the right-handed spinor ip^^{x) (x^*(a^)- The neax-AdS^ boundary behavior of 
the left-handed spinor ipj^^{x) {x^^{x) is not independent, and it can be expressed in terms of 
the right-handed spinor ip^'^{x) ix^^i.^)) [87]. Substituting Eq. (95) into the supersymmetry 
transformation law (88) and making the same operation on the supersymmetry transforma- 
tion parameter e" as x", we obtain the reduction of bulk supersymmetry transformation on 
AdS^ boundary up to the leading order of fermionic fields [87], 



'^e/ = -e^7'^/.i, 



.^1 - 
2 






^^M^ = e%^i[Q] + e'7M^Xi, 
H^ = rd,<Pe, + ^r^Bj^^e,. (102) 

where ^* and the curvature R\„[Q] corresponding to local supersymmetry are defined as the 
following, 

R^lu^[Q] = D^^jyi - D^tp^i - {-if,i)ui - lui'pi) , 

e; = ^Y (^.V^; - D.^Pl + i^see^.Ap/^V^'') • (103) 

Eq. (102) is exactly the supersymmetry transformation law J\f = 2 conformal supergrav- 
ity in four dimensions. Further, we find that the bulk diffeomorphism transformation law 
of the on-shell field on AdS^ boundary reduces to the four-dimensional deffeomorphism- 
and Weyl transformations and that the bulk SU{2) x f/(l) gauge transformations on AdS^ 
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boundary convert into the axial SU{2) x f/(l) gauge transformation. These reductions of 
symmetry transformations determine that the A/" = 4 five- dimensional SU{2) x f/(l) gauged 
supergravity near its AdS^ vaccum configuration behaves like the J\f = 2 off-shell conformal 
supergravity in four dimensions. The matching of degrees of freedom between on-shell mul- 
tiplet (ej", Wi, Blp, A^, 0, ^l, x") of A/" = 4 SU{2) x f/(l) gauged AdS^, supergravity and 
off-shell multiplet (e^^, IV^, A^, 0, _B~^, ■?/'^, x*) of A/" = 2 conformal supergravity in four 
dimensions is listed in Table II. 



D. On-shell AA = 8 SO{%) Gauged AdS^ Supergravity and OfF-shell N = A Conformal 

Supergravity in Four Dimensions 

In this subsection, we review A/" = 8 5*0(6) gauged supergravity in five dimensions and 
argue that its classical dynamical behavior near AdS^ vacuum configuration leads to A/" = 4 
conformal supergravity in four dimensions. 

The ungauged A/" = 8 supergravity in five dimensions can be obtained from the di- 
mensional reduction of A/" = 1 supergravity in eleven dimensions [64,65]. It has global £'6(6) 
symmetry and local USp{8) /^-symmetry. If counted in terms of the representation of USp{8) 
/^-symmetry group, the field content consists of 1 graviton ej", 8 gravitini ip'^, 27 vector 
fields A'^\ 48 spin-1/2 fields x"^^ and 42 scalar fields $''^"^, a = 0, ■ ■ ■ , 4 and m = 0, ■ ■ ■ , 4 
denote the five-dimensional space-time and local 5*0(1,5) Lorentz indices, respectively, and 
a,b,c,d = 1, ■ ■ ■ , 8 label fundamental representation indices of USp{8). The above particle 
spectrum can also be viewed from the representation of the global -£"6(6) group by introduc- 
ing a 27-bein V^^"^, A,B = 1, ■ ■ ■ , 8, which is an element of the coset group Eq(^q)/USp{8) 
and furnishes both the 27-dimensional vector representation of USp{8) and the fundamen- 
tal representation of £6(6) • According to this viewpoint the spinor fields ip^ and x"*'^ stih 
behave as the USp{8) tensors, but those 27 USp{8) vector fields A'^ should be considered 
as in the fundamental representation of £6(6) with the identification A^^ = V^^^^^A^^. V^^^f^ 
is the inverse of V^^"^, it furnishes the conjugate representation 27 of £6(6) and satisfies the 
following relation, 

V^I.V^b"' = \ {^l^i - 5'jt) + \^a,^'\ (104) 

where Vlab and Vt"-^ are the symplectic metric of USp{8) and its inverse, respectively. The 
42 scalar fields 0'^'"='^ parameterize the non-compact coset space Eq(^q^/USp{8) since £6 and 
USp{8) have 78 and 36 generators, respectively. Based on this observation, one can replace 
these scalar fields (p"-'"^^ by V^^^,^ or equivalently by vector fields Paabcd defined by 

Qaa'' are USp{8) Lie algebra valued and transform as gauge fields of USp{8), and Paabcd 
are in the 42-dimensional representation USp{8) exactly like scalar fields 0'^'"^. The above 
process is actually furnishing field function representation to £6 group through its maximal 
subgroup USp{8). 

The Lagrangian density for the ungauged A/" = 8 Poincare supergravity in five dimensions 
can thus be constructed based on the global £5(6) and local USp{8) symmetries as well as 
the A/" = 8 supersymmetry [64,65], 
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+four-fermion terms, (106) 

where F^/^^ is the field strength corresponding to the vector field AJ^^, 

V = ^" V - ^/3^/'' + [^- M^""-^ (107) 

Gab,cd is -^6(6) covariant and USp{8) invariant metric, 

GaB,CD = Vab"^ ^ac^bdV^^'^ ] (108) 

The covariant derivative Vq acting on spinor fields is defined with respect to both spin 
connection cDq and USp{8) gauge field Q^b^ 

V,r'^ = {dj\ - 3QJ", + ^^.™„7"^"5'".) t"''- (109) 

The gauging of above supergravity is just turning some of the 27 vector fields A^^ 
into gauge fields of certain simple subgroup of £'6(6) [66]. That is, the global symmetry 
group of £(6) in the ungauged A/" = 8 supergravity should break to the gauge group. It is 
obvious that one cannot convert all of those 27 vector fields into gauge fields since there 
exists no simple group with 27 generators. Thus the gauge group should be a subgroup 
of £6(6) with dimensionality less than 27. This determines that the possible gauge group 
should be 5*0(6) and its noncompact real forms SO{n, 6 — n), l<n<3. This is because 
SO{n, 6 — n), (0 < n < 3) are all subgroups of S'L(6, i?), while S'L(6, R) x SL{2, R) is the 
maximal subgroup of £6(6)- To complete this gauging procedure, one should first rearrange 
above field representations of £6(6) in terms of the representations realized on its maximal 
subgroup S'L(6, R) x SL{2, R). That is, we branch £6(6) with respect to SL{6, R) x SL{2, R). 
As a consequence, the vector fields AJ^^, the 27-bein V^^"^ and its inverse l^^'^^, all of which 
are in the 27- or 27-dimensional fundamental representation £6(6), decompose as 

27 = (T5,1)©(6,2), 27 =(15,1) ©(6, 2), 

AAB _ ( AaiJ \ A ,^- _A rr- 

Vab^' = {V''"', Vj/') , V^l, = {Vjj^,, V'l,) , (110) 

and there exist that 
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In above equations, I,J,K = l,---,6 and p = 1,2 are the fundamental representation 
indices of SL{6,R) and SL{2,R), respectively. The vector fields A^ij naturally become 
gauge fields for S0{n,6 — n) group. For any quantity Xai which used to transform with 
respect to certain representation of the global SL{6, R) and local USp{8) in the ungauged 
theory, the covariant derivative is defined as 

D^XaI=d^XaI + Qaa'Xbl - gA^ij7]'''XaK. (112) 

However, the remained 12 vector fields A^^ transform nontrivially under the gauge group 

SO{n, 6 — n). To keep these 12 vector fields massless, one must replace them by its Hodge 

- ip 

lowing self-dual field equation. 



dual, the second-rank antisymmetric field Bj'n and specifically 13^13 should satisfy the fol- 



G = dB, (113) 

where c is certain constant. The Abelian symmetry B -^ B+dA prevents 13^^ from becoming 
massive. 

The gravitational field ej" keeps intact since it is an -^6(6) singlet. In the following, let 
us turn to the conversion of the 42 scalar fields in the gauging process. As stated above, 
these scalar fields parametrize the non-compact space E(Q)/USp{8) and are described by 
27-bein V^^'^'^ or its inverse Vab"^^- Since V^^'^'^ (or Vab"^^) transforms as 27 (or 27) under 
-E(6) and 27 (27) under Usp{8), it should be branched with respect to SL{6,R) x SL{2,R) 
as shown in Eq. (110). To keep E(^Q)/USp{8) coset space structure for scalar fields as that 
in the ungauged case, one just simply generalizes Eq. (105) in a gauge covariant way and 
defines p^"'"^'^ as the covariant derivative of the 27-bein with respect to SO{n, 6 — n) gauge 
fields Alf and USp{8) connection, 

V'^bABj^^y^^cd ^ p^abcd ^ p^[abcd] _ (^^4^, 

These definitions determine that in the gauged case the USp{8) connection Q^^ can be 
expressed in terms of the 27-bein and SO{n, 6 — n) gauge fields, 

Qj = -I \V"'^''d^VABac + gA^W (2Ke'^V^' JL " Vj.^^V'^'^)] (115) 



The Lagrangian density of five-dimensional S0{n,6 — n) gauged N = 8 supergravity 
takes the following form, 

e-'C = -^m - ^t^lr^'Dp^Sa + ^^x''''T^aXabc - ^PaabcdP'-''''"' 

+Uk {fj' + Bj') {^[%r^%^rb + -^]r^fxabc + IxacdT^Xb""^ 
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-1 a/BjScr 



Ip'j 



+ ^^e-'e-''''''Vije„Bj^D,B,^ 



Jq 
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g ^e^"^ '"" e^"^^^"^^' [FijapFKL^S^MNa + gV F^ija^AKL^ApipsAgiy^ 



^1 ap-ySa IJKLMN 



+ -g'^r]^^r]^'^ Ajj^AKPisAQL^AMRsAQNa ) + four-fermion terms. 



;il6) 



In above Lagrangian, the 5*0(^,6 — n) gauge field strength F^pjj and antisymmetric field 
IB^a'' are defined as the following, 



FalSIJ — daAjsij — dpAalJ — g[Aa, Aj3\ij 
T? oh fp -trljab B ab r5 ^Pt/ ' 
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The USp{8) tensors T, A and the relevant W are all constructed from the SL[6, R) x SL{2, R) 
components of 27-bein V^^"^ and its inverse V^^ab^ 



bed = y^'^ ''beJK - Vjp Vbe ' )V ^cdlL, 

Wabcd = ^^'^V VipabVjqcd = —^cdab, ^abcd = Ta[bcd\ 

rp Q rpe rp rp ^ rpc 

-'-abed ^'ae-' bed -'-bacdj -'- ab — -^ abc' 



:ii8) 



The above USp{8) tensors satisfy the following relations and identities originating from their 
definitions, 



Tab — Tha 
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W 



acbi 



1 1 

Wabcd = -^ (Tacbd — T^cad + T^dac — Tadbc) + 3 \yta[cTd]b — ^b[cTd]aj , 



6 

Aabcd = —3Wa[bcd], A[abcd] = 0, 
TabcdW% = 0, A%^,Wa]efg = 0, 



dA'' '^g^Acdeb — -T^ Acdab 

5 
6 ^ 1 

J^TacT^ - —AcdeAi 



A/'^^Aw. + f^^.a^'^'^A 



cdef 



0, 



cde 



"TT^afc 



fi 1 

^ rp rpcd A A cdef 



(119) 



These identities play some roles in proving the supersummetric invariance of gauged super- 
gravity. 

The supersymmetry transformation laws at the leading order of fermionic fields are 



Se„ 



-ie"7"^„a. 



sA^u = 2t r^'^ + 



2V2 



— ^ -^abc I TA 
ec7aX VablJ, 



^Bj" = 2/^[« 



1 

2^2 ' 



2i I r^p + 7:^^,1 pT'^ 1 K '' 
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1 "^ ^ ^ 

= y2^°'Paabcd^ -J^g^ ^dabc " iw^^" (-^a/3[a6 + Bai3[ab) ?c], 



-2^/2% { X!''" \ tx'"^ 

\ Vlacd ) 



(120) 



It was found in Ref. [66] that when the gauge group is 5*0(6) this gauged supergravity 
admits AdS^ classical solution which preserves the full A/" = 8 supersymmetry (or equivalent 
speaking, a classical solution exhibiting A/" = 4 anti-de Sitter supersymmetry S'f/(2,2|4)) 
[66,68,67]. The existence of this solution can be explained as the following [66,68,67]. Con- 
sidering a configuration of above gauged supergravity with only nonvanishing metric and 
scalar field, one has the Einstein equation from the action (116), 

Rap - \9apR = ^Pg^p. (121) 

In above equation, P is the scalar potential in (116), which be rewritten as the following 
form with the T-tensor identities. 



P = -/ 



6 1 

T-i rjiab A A abed 

'J-ab-L — TTZ^abcd^ 



(45)2 ™ 96 



32^ 



2WabW''' - WabcdW"""''' 



122) 



Eq. (121) shows that if the the scalar potential has a critical point at certain expectation 
value of the scalar field, and the corresponding critical value of the scalar potential Pq < 0, 
the AdS^ solution exists with the cosmo logical constant A = — 4/3Po- 

To verify explicitly the existence of such a critical point one has to re-express the scalar 
potential in an SO(n, 6 — n) gauge invariant form. So Wab and Wabcd in the scalar potential 
should be rewritten in terms of the representations of 5'L(6, R) x SL[2, R) because it is the 
subgroup of 5*^(6, R) that is gauged. Since Wab and Wabcd are tensors of USp{8) group, the 
maximal compact subgroup of of -^6(6)) while SL{6, R) x SL{2, R) is the maximal subgroup 
of -^6(6)? one should establish an explicit connection between the representations of USp{8) 
and of SL{6,R) x SL{2,R). This can be done by working out the explicit forms for the 
SL{6,R) X SL{2,R) components of the 27-bein, \/^^"^ = (\/^•^"^ Vf^ "^). The method is 
employing the representation of USp{8) generators constructed from 5*0(7) Clifford algebra 
and the transformation law of the SL{6, R) x SL{2, R) components of 27-dimensional basis 
Z^^ = {Zij, Z^P/\/2) under -^6(6) action. This can be proceeded as the following. First, 
with 5*0(7) gamma matrices Fj, i = 0, J, / = 1, ■ ■ ■ , 6, {Fj, F^} = 26ij, the representation of 
generators of USp{8) expressed in terms of its S'f/(4) x U{1) subalgebra is 

{Au)a' = irur' , (A); = (ToT' , {SukT' = {TuKr' = {TukT' , (123) 

Ajj and A are generators of SU{4) x f/(l). Using the following defined F- matrices, 
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Ip 



iri,tTrTo) 



(124) 



and above SU{4) generators, one can obatin the USp{8) components Z"-^ of the 27- 
dimensional bases Z^^ of -E(6)6 with the projection coefficients being the SL{6, R) x SL{2, R) 
components {Zij,Z^p), 



7ab 



-fr"r'^..+ ' 



(r 



Ip. 



|a6^/p^^Ai?p.^^a6_ 



(125) 



4 V- / '- ■ 2\/2 
The invariant inner product 

ZabZ'^'' = ZabZ^"" = Z'^Zjj + Zi.Z'P (126) 

determines the projection Zab in the USp{8) representation space of dual bases Zab, 
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^ab 



7(r 



ij 



\ab rylj 



V ^^7 



v^A z 



Ip 



AB- 



(127) 



where Zjj and Z^^ are dual bases in SL{6,R) x SL{2,R) conjugate representation spaces. 
On the other hand, as a fundamental representation of -^6(6)5 the infinitesimal transfor- 
mations of Z"^^ under the action of Er(r\ read 



6(6) 



5 



'IJ 



X 



( z 



MN 



^z^^/V2) ~ yzpi"/^)- 

The X in above equation is the 27 x 27 matrix. 



:i28) 



X 






(129) 



P" /3 



P'^ P 



A p and A"^ are 6*17(6, R) and SL{2, R) Lie algebra valued infinitesimal matrices, respec- 
tively, and T^MNKp is a real and antisymmetric self-dual tensor of SL{6,R), J]^^^p = 
j^[MNK]p ^ i/3!eP9e"^-^^A^^SiMiVr Eq. (128) implies the following finite transformation of 
Z^^ under the action of -£^6(6); 



Z'r 



IJ 



1 1 



^ 



^'Kp ^ ^Lqjj^^ Kp ^ ^jjKpIJ^^^^ 

v2 
U = exp (X) . (130) 

Eqs. (125) and (130) give the action of -^6(6) on the USp{8) components Z"-'^ of Z^^, 



7 lab 



, ab 



+2"' 
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KL 



^6(6) 

+ \ (Tip 



.ab jjIpKL 



'KL 



4^2 



r^^rv, 



KqlJ 



^^,iT,ru 



Kq 



(131) 
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and hence yield the 27-bein expressed in terms of the fundamental representation (27 x 27) 
matrix of -^6(6); 

8 ^ ^ 4 

Vj, ^'' = ^ (r--)" u,,MN + ^ (r^,)'^^ f/,, -^. (132) 

A substitution (132) into (118) and (122) converts the USp(8) tensors in the scalar potential 
into the SL{6,R) x SL{2,R) tensors, 



Mipj, = {UU^)lpJ, = ^Uj/'^Uj.KL + Uj/'^UjqKr. (133) 

Further, the scalar potential can be reduced to SL{6, R) invariant form by choosing the 
cross components cfukp to vanish. This gives 

[S/) e SL{6,R), [S'J) e SL{2,R) (134) 
and USp{8) tensor Wab simplifies to 

Wab = -^TT{vM)6ab, (135) 



Jlj ^ 
anticipated form of scalar potential (122) arises. 



where Mjj = [SS j = Sj Sjk is the symmetry SL(6,R) metric. Consequently, the 



P = -^g' {[Tr{vM)f - 2 [TT{r]MriM)]} , (136) 

Since M is a symmetric matrix of 6*17(6, R), one can always employ 5*0(6) gauge symmetry 
to make M diagonal by its subgroup 5*0(6) (det M = 1) , 

M = diag{e2^^e2^^e2^^e2^^e2^^e2^«}, J] A^ = 0. (137) 

It was shown that only when all Aj = 0, i.e., the gauge group is 5*0(6), the AdS^ vacuum 
configuration exists. According to Eq. (135), the critical points of scalar fields are 

Wab = -^Sab = - [ -^ j 5ab (138) 

and the cosmological constant comes from the critical value of the scalar potential, 
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-3^» = 9 ■ 



(139) 



The preservation on A/" = 8 supersymmetry in this AdS^ space-time background can 
be revealed by observing the Kilhng spinor equation obtained from the supersymmetric 
transformations for the fermionic fields ip'^ and Xabc 



<5< = V«e» - -gn'^'Wbciae^ = 0, 





•~abc 



1 



Sr"' = --^gAabcd? 



-rf 



0. 



(140) 
(141) 



It was verified that these two Killing equations are equivalent and trivially satisfied in above 
AdS^ vacuum configuration. This can be shown as the following. First, Eq. (140) leads to 
the integrability condition, 



Raf35.r^) S% - ^g'W^'Whc%p 



t 



0. 



(142) 



This equation and the Riemannian curvature tensor of ArfS's space-time 

Ra(5S(T = tA (jjaSdfSa — (jaaQ/Ss) 

= — o-Po id aS 9/3(7 — daaOfSs) 

imply that e" should be an eigenvector of the real symmetric matrix Wab, 



(143) 



iW'rb%f,e' = --P,%pr. 



9' 



(144) 



The cosmological constant A and the critical point Wab given in Eqs. (138) and (139) commit 
Eq. (142) to stand identically. Further, the contraction of e" with the last identity in Eq. (119) 
yields 



C AacdeAj^ 



cde 



Ar 



iw' 



rPnU 



Qi'ob 



(145) 



Eqs. (144) and (145) determine that those two Killing equations (140) and (141) are equiv- 
alent. Since there is no constraint on the Killing spinor e", the AdS^ vacuum configuration 
thus preserves the full A/" = 8 supersymmetry. 

We see from above discussion that in the gauging process the global -^6(6) symmetry 
first breaks to its maximal subgroup SL{6,K) x SL{2,R) and then SL[Q,R) breaks to 
its subgroup 5*0(6). The SL{2,R) remains as a global symmetry in the five- dimensional 
A/" = 8 gauged supergravity, which can be considered as the SL[2, R) symmetry of type JIB 
supergravity if the gauged supergravity is obtained from the compactification of type IIB 
supergravity on S^. Originally in the ungauged case there are 42 scalar fields, two of which 
should be interpreted as the dilaton and axion. The quantities Wab and Wabcd consisting 
of the scalar potential are the complicated SL{6, R) x SL{2, R) invariant combination of 
scalar fields. It turned out that Wab and Wabcd depends only on 20 scalar fields Mjj, which 
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is obtained from the combination of those 40 scalar fields. {Mjj) is symmetric matrix and 
parametrizes the coset space SL{Q,R)/ SO{Q). Further, the SO{Q) symmetry can take M 
to be the diagonal form (137). The shows that finally there are only 5 scalar fields in the 
theory. Further, using an orthonormal parametrization [69], A/ = aji(f)i, i = l,---,5, one 
can replace ai of Eq. (137) by five independent fields 0^. The explicit form if (an) is given 
in Ref. [69]. The classical Lagrangian consisting of only gravitational and scalar fields is 

r i£ = -^R + i9«0.9>* - P[0], (146) 

and the scalar potential can be written as 

Near the critical point, (pi = 0, one has the approximation expansions 

Pm = -l9'-^9'J:{$.y + 0{$). (148) 

mmmmmmm 

We can in principle do the same thing on A/" = 8 5*0(6) gauged supergravity: expanding 
the theory around the AdS^ vacuum and observing the solution to linearized equation of 
motion whether they constitute an off-shell multiplet for A/" = 4 conformal supergravity in 
four-dimensions. However, in practice, this procedure is much more complicated to imple- 
ment than the A/" = 2, 4 cases. Despite of the complication of this procedure, there are 
quite a number of evidences supporting this identification between on-shell five-dimensional 
A/" = 8 gauged AdS^ supergravity and off-shell A/" = 4 conformal supergravity in four dimen- 
sions. The A/" = 8 supersymmetry group in AdS^ space is S'f/(2,2|4) and it is exactly the 
A^ = 4 superconformal group in four dimensions. In particular, the on-shell degrees of free- 
dom of the gauged Af = 8 5*0(6) gauged AdS^ supergravity counted with 5*0(3) little group 
matches identically with the A/" = 4 off-shell conformal supergravity in four dimensions. 

The field content of A/" = 4 conformal supergravity in four dimensions consists 1 graviton 
e^, 4 gravitini ■?/'^, 15 5'f/(4) (or 5*0(6)) gauge fields V^^, 1 complex field ip, 4 spinors 
X\ 10 complex scalars -E(ij), 20 spinor fields A^■■^, 6 antisymmetric tensors -B^j*-'^. The 
transformations under supersymmetry and special supersymmetry generators for the A/" = 
4 conformal supergravity multiplets should be reproduced from Eq. (120) near the AdS^ 
vacuum configuration [60,21,87], 

Se^ = -e*7>Mi + h-c, 

sv;, = (-?>, + Is^.t'k + f'j.Xki - ?^. + l^'ji^l^k) + h.c, 
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where ^^ and R^AQ] ^^^ listed in (103); The curvature -R^,^j[^] relevant to local SUr^A) 
symmetry are the corresponding gauge field strength but with fermionic terms required by 
sup er sy mmet ry, 



KuAn = W. - d^Vl^ + [V,.V,]% - 2 



'II' yj 



MJ 
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^\Mi - j^']^[Mk ) + h-c. 
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IV. EXTERNAL SUPERCONFORML ANOMALY FROM ADS/CFT 

CORRESPONDENCE 

A. Generality 

In this section we show how the external superconformal anomaly (10) can be obtained 
from the gauged supergravity in the AdS^ vacuum configuration. First, the relation Eq. (48), 
which is established based on AdS^/CFT^ correspondence, tells that the quantum effective 
action of the supersymmetric SU{N) gauge theory at large- A^ limit in a conformal super- 
gravity background is equal to the on-shell action of five-dimensional gauged supergravity 
evaluated with the classical solutions which asymptotically approach to the AdS^ vacuum 
configuration. In last section it was verified explicitly (in A/" = 2, 4 cases) that the AdS^ 
boundary data actually constitute certain off-shell conformal supergravity multiplet in four 
dimensions. Correspondingly, on the AdS^ boundary, the bulk diffeomorphism symmetry 
decomposes the four-dimensional diffeomorphism symmetry and the Weyl symmetry; the 
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bulk supersymmetry converts into the Poincare supersymmetry and the super- Weyl symme- 
try in four dimensions, and the bulk gauge symmetry separates into four-dimensional vector- 
and axial vector gauge symmetries. Eq. (48) means that the external conformal supergravity 
background in the context of AdS/CFT correspondence is furnished by the AdS^ boundary 
data of on-shell gauged supergravity in five dimensions. On the other hand, Eqs. (7), (8) 
and (9) imply that the (covariant) conservation of superconformal current multiplet of a su- 
persymmetric gauge theory is completely equivalent to the local conformal supersymmetry 
of external conformal supergravity background. Thus the violation of local conformal super- 
symmetry in the background effective action rcFT[0o] means the arising of superconformal 
anomaly. Therefore, we calculate the above on-shell action of five-dimensional gauged su- 
pergravity and check it supersymmetry variations near AdS^ boundary. Due to the large 
volume of AdS^ boundary, the on-shell action of gauged supergravity near AdS^ boundary 
usually suffers from IR divergence. One should employ a so-called holographic renormaliza- 
tion procedure to make it well defined. This process cannot preserve above bulk symmetry 
reduction in each pair simultaneously. The physical consideration requires that the four- 
dimensional diffeomorphism symmetry, the Poincare supersymmetry and the vector gauge 
symmetry should be preserved, hence the external superconformal conformal anomaly arises. 
It is usually called the holographic superconformal anomaly since it is reproduced from the 
five-dimensional bulk theory. 

In the following we review how the holographic superconformal anomaly can be produced 
from the on-shell five-dimensional gauged supergravity. 

B. Holographic Chiral i?-symmetry Anomaly 

The reproduction of the holographic chiral i?-symmetry anomaly lies in the Chern-Simons 
five-form term in five-dimensional gauged supergravity. As is well known, the Chern-Simons 
term has a remarkable feature; its variation under gauge transformation is a total derivative. 
According to differential geometry construction on chiral anomaly [71], this total derivative 
term is just the (consistent) chiral anomaly since it satisfies the Wess-Zumino condition 
[72]. Therefore, based on Eq. (48), we perform gauge transformation on classical action of 
gauged supergravity. All other terms are gauge invariant except that the Chern-Simons 
five-form yields a total derivative term under gauge transformation. We then take this total 
derivative to the AdS^ boundary and use the boundary reductions of bulk gauge field and 
gauge symmetry to extract out the chiral anomaly. The fact that the holographic chiral R- 
symmetry anomaly of supersymmetric gauge theory can be obtained from the Chern-Simons 
term in five-dimensional gauged supergravity side was first pointed by Witten [4] and later 
it was explored beyond the leading order of large- iV expansion [93,94]. 

1. Holographic SU{4) Bardeen Anomaly from M = 8 Gauged AdS^ Supergravity 

In A/" = 4 supersymmetric Yang-Mills theory, the chiral i?-symmetry is SUii{4), which 
corresponds to 5*0(6) = SU{4) gauge symmetry in A/" = 8 five- dimensional supergravity. It 
should be emphasized that the SUfi{4) symmetry in supersymmetric Yang-Mills theory is 
a global symmetry. An external vector A" must couple with the chiral SUji{4) current j" 

43 



to yield the anomaly, here a = 1, ■ ■ ■ , 15 denoting SU{4:) group indices (or a = [IJ] S0(6) 
indices). The AdS^ boundary value A'^{x) of the bulk S'f/(4) gauge field A'^{x,r) provides 
such an external field in terms of the holographic version on AdS/CFT correspondence. 
According to Eq. (47) we have 

^suGRAKK(:r)], . . .] = Tsym[A;, ■ ■ ■] (151) 

Recall that there exists the Chern- Simons term in five-dimensional A/" = 8 gauged super- 
gravity, 
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l^^xe^'^^'^'^rf"^^ {a^F'^^F^^ - r'''AiAlAt,Fs'^ 
+ ^-r''rf'AmA^^A',Ai] , (152) 
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where d"''^'^ = Tr (t^'t'^t'^j, [t"", t^] = if"-'^H'^. Making the following SU{A) gauge transformation 
on five-dimensional gauged supergravity near AdS^ vacuum configuration, 

5Al{x,r) = {D,^^{x,r)Y, (153) 

with V{x,r) = V"'{x,r)t^ being the gauge transformation parameter, we obtain 

6vSsvGRA[A[A],---]=5vScs[A]=Jdcul{V,A)= lcul{v,A) 
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4871^(5) 



Tr 



vd \AdA + -A' 
V 2 



d*x{3''^)5Al{x) = f d''xf^{x)[D^v{x)]'' 

d*xv''{x)[D^f{x)]% (154) 

where we have used Eq, (151) and the AdS^ boundary reduction of bulk gauge fields as well 
as the Stora-Zumino chain of descent equations, 

•n+2 

-TtF^+' = dU2n+l[A], 



(27r)"(n + l)! 

5v(^2n+i = dul^iv, A). (155) 

If we consider the string origin of the AdS/CFT correspondence and the fact that the 
A/" = 8 gauged AdS^ supergravity can be obtained from the type IIB supergravity around 
AdS^ X S^ background, there should exist following relations among the ^^5*5 radius /, string 
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coupling Qs, the flux N passing through S^, and also a connection between the five- and ten- 
dimensional gravitational constants due to the compactification of the type IIB supergravity 
on S^ of radius / [31], 

Volume (55) /5^3' ^ ^"^ 9s, [^Triyg,) . ^ooj 

Hence we immediately recognize from Eq. (154) the Bardeen anomaly up to the normaliza- 
tion constant [95,96]. 

/ys / 1 \ 

[D,f{x)r = -^^e-h^'-^^d.Tie [^A^dxA, + -A,A^A,j . (157) 



2. Holographic Chiral Ur{1) Anomaly from SU{2) x U{1) Gauged M = 4 AdS^ Supergravity 

In four-dimensional A/" = 2 supersymmetric Yang-Mills theory, the i?-symmetry is the 
Ur{2)=SUi{2) X Ur{1). It is the Ur{1) that becomes anomalous. Observing the classical 
action (87) of SU{2) x f/(l) gauged A/" = 4 supergravity, we see that there exists a SU{2) x 
f/(l)-mixed Chern-Simons term. 



= -^^/Tr(w^AW^)AA (158) 



Under the bulk f/(l) gauge transformation dyA = dV on A/" = 4 gauged supergravity near 
AdS^ vacuum configuration, we have 



5vSsugka[W[WIA[AI ■■■] = 5vScs[W[WlA[A]] 
l^ /•„ /.^. .^.x ... l"" 



Ti[W hW] ^dV 



VTiiw ^w 



167rG'(5) J V y 1671^(5) 

= -^/.Tr(iyAl^). (159) 

According to the AdS/CFT correspondence (47) at gauged supergravity level, Eq. (grasiva) 
should equal to 

5J:sym[W, A] = -J d^xvD^f. (160) 

Thus we obtain the chiral Ur{1) anomaly of the A/" = 2 supersymmetric Yang-Mills theory 
at the leading-order of large- A^ expansion. 






D^f = :,e'"'^PW"'W'^^. (161) 



Finally, we briefiy mention that the holographic chiral Ur{1) anomaly of the A/" = 1 
supersymmetric SU{N) Yang-Mills theory can be easily obtained from the A/" = 2 f/(l) 

45 



gauged supergravity near AdS^ vacuum configuration. According to Eq. (55), the f/(l) 
Chern-Simons term reads 

^cs [A] = j^ ldAAdAAA = ^^ J £x e^^^^' F^,F,M (162) 

The AdS/CFT correspondence and the variation of Chern-Simons term under bulk U{\) 
gauge transformation yields the U{1) chiral anomaly of A/" = 1 supersymmetric gauge theory 
in the external conformal supergravity background. 



C. Holographic Weyl Anomaly 

It is non-trivial to recognize the trace anomaly of a supersymmetric gauge theory from 
the supergravity side. The origin of trace anomaly lies in the neax-AdS^ boundary behavior 
of the classical solution of the gauged supergravity. In the earlier works on gauged super- 
gravity [66,84,85] the dynamical behavior of five-dimensional gauged supergravity near AdS^ 
vacuum configuration was neglected. It was first found in Ref. [5] that due to the infinity 
of the AdS^ boundary, the on-shell action of gauged supergravity near AdS^ vacuum con- 
figuration is not well defined and the infrared divergence arises. This IR divergence is dual 
to the the UV divergence of the supersymmetric gauge theory defined on AdS^ boundary. 
One must perform a " holomorphic renormalization " procedure [98,99] to manipulate this 
divergence. It is very similar to the renormalization method of dealing with the UV diver- 
gence in a perturbative quantum field theory. That is, one must first introduce a cut-off (IR 
regulator) to make the space-time have a finite volume and calculate the on-shell bulk gravi- 
tational action, then introduces the counterterms according to the renormalization condition 
to make the on-shell action of gauged supergravity near the AdS^ boundary well defined. 
Finally one removes the cut-off and hence obtains a finite on-shell bulk action. However, 
there exists an ambiguity when adding the finite counterterms. One usually chooses the 
diffeomorphism symmetry on the boundary to fix this ambiguity. As stated above, the dif- 
feomorphism symmetry of the gauged supergravity near the AdS^ boundary decomposes 
into the diffeomorphism symmetry [25] and the Weyl symmetry. These two symmetries 
cannot be preserved simultaneously during the holomorphic renormalization process. When 
requiring the diffeomorphism symmetry to be preserved, one thus obtains the Weyl anomaly 
of a supersymmetric gauge theory in the curved space-time. In the following we show how 
the holographic Weyl anomaly comes from the gauged supergravity. 

We must look for the domain wall solution of the gauged A/" = 8 supergravity which 
asymptotically approaches to the AdS^ geometry. Without losing generality, in A/" = 4, 8 
cases, we consider the gauged supergravity consisting of only gravitational- and scalar fields. 
The classical action is listed in Eq. (146) and the cosmo logical constant originates from the 
critical value of the scalar potential. It should be emphasized that the presence of scalar 
fields is necessary for the existence of domain wall solution, otherwise there will be no non- 
trivial vacuum configurations and the domain wall solutions cannot arise. We consider only 
the scalar field for simplification. The corresponding classical field equations are the Einstein 
equation (121) and and the scalar field equation 

V.5^0 = §^. (163) 
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For M = 2 case, we consider the pure gravitational field with the cosmological constant term 
and assume that the constant term comes from the critical value of certain scalar potential. 
We use the results in Ref. [98], The domain wall solution preserving the 4-dimensional 
general covariance takes the form given in Eq. (53). Further, near the boundary r — * 0, there 
must exist g^j^yy^x, r) -^ g^i^{x), 0(x, r) ^ '^. Based on these requirements, the gravitational 
fields near the boundary should have the following expansion in the radial coordinate. 



9^lu{x,r) = g(Q)^,u{x) + g{2)t,u{x) 



P 




g(i)nu + ^1(4)^1^ ^"^ 72" "^ h.2(4)fiu ( In 



p 



(164) 



Substituting this expansion into the Einstein equation (121) with the cosmological constant 
furnished by the value of the scalar potential at the critical point = 0, one can determine 
the coefficients g(2k)ij.u^s and h^^^s in terms of the leading coefficient g(^o)^ 



[X 



hl(4)fiu 



'^fiu 



/4 



Q^gmtiu I , 



gV^Vpi? 



-V^i? 



/lU 



-RR^u 



I' 



+^9(0)^. (^V^i? + ii?2 - RxX' ] : 



h2{4)tiu 



4V^(2)y^^, 



Tig^ 



(2) 



Tr^(2) 



^(0) 



^u 



ah 



fJLU 



- ^^(2)M.Tr^(2) 



(165) 



In above equation, R^p\p, R^u and R are the Riemannian curvature, Ricci tensor and scalar 
curvature defined with respect to g(o)^u- 

However, when one substitutes above solution into the classical action of the bulk gauged 
supergravity, the on-shell action is divergent near the AdS^ boundary. So one has to intro- 
duce a cut-off e to perform IR regularization, that is, taking the integral in radial coordinate 
to a finite domain by choosing r = e > 0, 



S, 



reg 



/^ r dr 



87rG'(5) 

/5 



d^>X 



-R 



d xJg(x,r) -P[ 



P[$o = 0] 
= 0] 



^jf^Jd'x./JMlA = :^jf^Jd^x,/JM 



^Precisely speaking, the bulk scalar field should satisfy the Dirichlet boundary condition, (^{x, r) -^ 
j.(4-A)/2 as r ^ 0, A being the scale dimension of the composite operator in super symmetric gauge 



theory coupled with (f){x), the boundary value of (f){x^r) 
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f 



7rG'(5) 

5*^-4 + 5*^-2 + 5*111, 



d^x^f^J^ -^\l + ^Tr(7(2) + ^ [{Trg(2)f - Trgf^) 



+ 



-^ - -^R - — In - (Rr^uR^"" - -R^ 
4e4 12e2 16 / V ^ 3 

•J finite- 



c 



finite 



(166) 



In deriving above result, we have used the Einstein equation (121) at the critical point of 
the scalar potential 0o = 0, the identification A = — 2P[0 = 0] = —6/P and the matrix 
operation 



det(l + A)= exp 



Trln(l + A) 



exp 



^Tr (a - -A^ + 

2 V 2 



1 + -TrA + - 

2 4 



(TrAf - TtA^ 



+ 



(167) 



-^finite consists of the terms that survive e-^0 limit. 

To make the on-shell action action well defined, one must first define a subtracted action 
by introducing the counterterms to cancel the IR divergence in the limit e -^ 0, 



Ssuh[g{0)^lu, 



•Jrcg ~r '-'counter 



:i68) 



A holographically renormalized on-shell action for the five-dimensional gauged supergravity 
is obtained after the IR regulator is removed. 



^ren[9{0)tJ.u^ 



^VaiSsuh[9{0)iiu,'^, 



(169) 



In adding counterterms there appears a finite ambiguity similar to that when canceling the 
UV divergence in a perturbative quantum field theory. This ambiguity can be fixed by 
the symmetry requirement. As is explicitly shown in Ref. [25], the bulk diffeomorphism 
symmetry 

Sgaf3 = ^aif3 + ^pL (170) 

preserving the form of domain wall solution (53) should take the following form, 

(171) 



%v(a:,r) = 2a{x) M - -rSJ g^,y{x,r) + [V^^^(a;,r) + V^^^(a;,r) 

where a{x) = l'^C,5{x)/{2r'^) and the covariant derivative V^ is defined with respect to 
QiiviXir). Eq. (171) means that the bulk diffeomorphism transformation decomposes into 
a Weyl transformation and a diffeormorphism transformation on g^y{x,r). Near the AdS^ 
boundary r ^ 0, from Eq. (164) and the series expansion for the Killing spinor. 



e{^,r) = Y.iU^)[^ 



(172) 



n=l 



we can see that the 5-dimensional bulk diffeomorphism symmetry reduces to the Weyl- and 
the diffeomorphism symmetries on AdS^ boundary. 
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5^(o)M. = ^M^) + V.^M, (173) 

S9{o)t^u = 2a{x)g^o)fiu- (174) 

Requiring the four- dimensional diffeomorphism symmetry (173) preserved in the subtrac- 
tion process, one can only introduce the following counterterm in the sense of "minimal 
subtraction" ^, 



(175) 



^count = ^^^(gy j d^x^-g^o) — + -^R + — (^Rf^.R"" - -R^j In 
Consequently, we have 

'S'ren = ~?^ / ^ ^ y ~ 9 (0) ^finite = ^SYM[g{0)fj.v{T'^'') , ■ ■ ■]■ (176) 

One can directly calculate the variation of the renormalized on-shell action under the 
Weyl transformation (174) to extract out the Weyl anomaly. However, the most convenient 
way is choosing the Weyl transformation parameter (t{x) as a constant a and using the 
scale symmetry of the regularized action (166). In this way, the Weyl anomaly in the 
renormalized on-shell action can be equivalently obtained from the scale transformation of 
the counterterms. The IR regularized action (166) is invariant under the combination of 
scale transformations, 5g(Q)^y = 2(T(7(o)^jy, Se = 2oe [5], 

((5go + (5,) S'rcg = (5go + ^s) (5',-4 + 5*^-2 + Sine + ^finite) = 0. (177) 

It can be directly checked that [5] 

<^go ('S'e-4 + 5*^-2) = 0, (5e (5^-4 + 5*^-2) = 0, (Jg^S'in, = 0, (5,S'finitc = 0. (178) 

This leads to 

J d^x^^) [r^.R^" - \r''^ a, (179) 



87rG'(5) 
and yields the Weyl anomaly [5,98], 

Ar2 /„ „„„ 1 



5.5rcn = - / d^X^^){T^;)CJ. (181) 

gives the Weyl anomaly in the gravitational background. 



^The geometric meaning of the counterterm becomes much clearer if it is expressed in terms of 
the induced metric on the boundary g^u{x) = lim^^o 5^1^(2;, e)/e [97]. 
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A = (T';) = — i^R.^R'^-^ - -i?2 j . (182) 

It can be further rewritten as the combination of the A- and -B-type anomahes up to the 
coefficients, i.e, the sum of the Euler number and the square of Weyl tensor [5,90], 

(T';) = -^ {E, + W,) , 
Ei = -R^vXpR'^^ '^ = - [R^^ '^RfiuXp — ^R^'^Rvv + -R' 
W^ = -hj^,^^C^-^P = -1 (^i?^^"^i?^,Ap - 2/?^^^/?^, + ^R"^ . (183) 

It is exactly the trace anomaly of A/" = 4 supersymmetric Yang-Mills theory in the external 
gravitational field at the leading order of the large- iV expansion [5] . 

There are also contribution to Weyl anomaly from scalar- and gauge fields, which can 
be obtained in the same way as the gravitational field. 

The holographic Weyl anomalies for A/" = 1, 2 supersymmetric Yang-Mills theory take 
the same forms as that in Eqs. (182) and (183), only the anomaly coefficients are different 
due to different particle contents in the corresponding supersymmetric gauge theories. 

D. Holographic Super- Weyl Anomaly of Supersymmetry Current 

The arising of holographic super- Weyl anomaly is due to the universal feature of a su- 
persymmetric field theory. The supersymmetric variation of the Lagrangian of the gauged 
supergravity should be composed of the total derivative terms. This terms cannot be naively 
ignored due to the non-emptiness of AdSr, boundary. As shown in Sect. Ill, the bulk super- 
symmetry transformations for the on-shell fields near the AdS^ boundary convert into the 
four-dimensional supersymmetric transformation and the super- Weyl transformation. When 
we take those total derivative terms yielded from the supersymmetric variation of on-shell 
action of gauged supergravity to the AdS^ boundary, the surface terms may be IR diver- 
gent since the on-shell action has IR divergence due to the large AdS^ boundary. Like 
in calculating the holographic Weyl anomaly, the holographic renormalization procedure is 
needed to make the surface term behave well. This will make either the four- dimensional 
Poincare supersymmetry or the super- Weyl symmetry on AdS^ boundary violated. Usually 
the Poincare supersymmetry should be preserved, the surface term thus gives the super- Weyl 
anomaly (the 7-trace anomaly). In the following we take A/" = 2 f/(l) gauged supergravity 
(55) as illustrating example and show how the holographic super- Weyl anomaly of A/" = 1 
supersymmetric gauge theory arises. 

The concrete calculation on supersymmetry variation of the A/" = 2 [/(I) gauged super- 
gravity (55) was given in Ref. [26]. Here we list the main results. 

First, the supersymmetric variation of the Einstein-Hilbert action and cosmological term 
gives 



d xe 



'I'^ln.k {r^ - \erR - Y2^r) - V. (e„"e/<5a)^-) 
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;i84) 



In above equation the inertial coordinate system is usually chosen so that the surface term 
is quadratic in fermionic fields and the supersymmetry transformation parameter. 
The variation of the pure gauge field terms (including Chern-Simons term) gives 



6S^ 



GAU — 

d^x < e 
3/2 



d^x6 



■ / 3/2\ ^ ^ /3 ^ ^ ^ 

e -|^ F^,F-^ - Ue-^^'^ F„,F^,A. 



a/B-'^ -fS-^cr 



-32^ 



af3y5(T 



-V„ (^A^F^se'-ipisa) + ^KpF^s^^Ja 



(185) 



The supersymmtric variations of the terms concerning gravitino is quite lengthy. We 
first calculate the variation of the kinetic terms for gravitino, 



5Sk¥ = S d X 



il 



I ^'^ ("D H ^"^ + 4 "^"''^ ' Tf (^"'^ + ^^"'^') ^'^ ~ h^^'''^" 
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+tV. (rrT^'^v^^i^p^j + -F,,rr^'^ (v^^,)^ - — F«^A^(5„,r7"^'"v^, 



;i86) 



Note that in above and the following calculations, we take into account only the terms which 
are at most quadratic in terms of the fermionic quantities. 

Further, the supersymmetric variation of the gravitino mass-like term is 



5S, 



GM 



5 



3i 



4/ 



d''xei,^r'%5ai, 



— / d^xe 
41 



v,r + ^Aj'^% - ^r (7/^^ + 4b:r) Pr. - ^^^'^'^cio 



T^i^'a 
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+^a7' 



d xe 



afS 



3 

4" 



V/je* + ^Ap6'% 



^^{ir-^sjr)^F^.-^^i,6^% 



'Jab 



I (v.r) r'^v^J^a. - ^-^A^rT%a 
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<J ^a 



+ Y^5,feF"'3e"7a^J - -SabF^fsTr^'^S - ^^Ti'aa 



;i87) 



Finally, the supersymmetric variation of the interaction terms of the gravitino and gravipho- 
ton produces 



SSgg = S I d'xe ( -^ ) ( i'^r'^^'i'paF.s + 2^„V^f F"'^ 



-^ I d'xe\F^s 
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d^xe 



Vpta - \Ap5ab^ + ^ (7/"^ - 4,5,^7'^) eaF,. + jflP^ac^ 



-f (V.F) V^^aF"'^ - '^^5'^'Aj-^U,b 



^ (?„?)'• r''^^v;,,F,, - §A„F,,5'^^?,7""^'^;3. 



16 V " / ' ^'^^ '" 64 

+ ^F"''F„,r7'V^.a + %^'e-^^'^h,F,sTiij^ 
64 o4 

372 _ _ _ 372_ _ _ _ 

+ ^?"7V/3ai^^"i^,5 - — r7'V^;3ai^.5i^a/3 

lo lo 

In above calculation, the following definitions and algebraic operations are repeatedly used. 



7a/3= -[7a,7/3], T^^ 






7 = e e ^ 7^, 7q,/35<7t = ^^cfiiar- 

lalf3S = laps + Oa^lS " OaSlp- 



;i89) 



, ,—T —aT —a 



aT, 



^" = C-^fi^Vfe = C-'i) , ^ = -^"' c. 



-13'^ 



^ 7ai-a„Xa = -^^^ C%,...a„C Xa 






■^ lar-a„Xa = Xa7ai-anV^" = 'X la.-a^'^a, n = 0, 1, 4, 5, 



— T 
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(190) 
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= ^r^'R^s^rT^Xa = \¥ (- V + ^ V^) Xa. (191) 

We have also employed the Ricci and Bianchi identities for the Riemannian curvature tensor 
and U{1) gauge field strength in five- dimensional curved space-time, 

e^^T'5'^i?,^,, = 0, e''^'<'''VpRs.r. = 0, e'^^^'^'V pFs, = 0. (192) 

Moreover, due to the nocommutativity between V^ and 7ai...Q„, we have repeatedly per- 
formed the following operations in the calculation. 



7ai- 



7ai-a„,V„ (■■■)+V47a,..a„(---)]- (193) 



Specifically, we work in the inertial coordinate system, i.e., the Christoffel symbol F^^ = 
0. Consequently, the metricity condition gives da(^ = and further the modified spin 
connection 



UJn 



r)^m y^a^Pn (^P^an) r)^n Kya^fim (-^iS^^am) r)^m^n Kyi^crp O'crC^pj 6^ 

1 /—a ^ —a ^ —a ^ \ 

+ T yl'almi'an + ^a7m^an " ^a7n^am 1 (194) 

has only quadratic fermionic terms. 

Putting the supersymmetric variations (184) — (188) together, we obtain the total 
derivative terms. 



32 ' ^' 4 ' -P 32 

(fx / drda 



e i-r^e^Jtor - ^rz^,,F"^ - ]fr''V,i,sa + iTT^'i^X^A, 



■^rr^^>,.F,. + ^rr^v^j5„, + £ 



TT^'^i^PaFs. + -TT^i^l^a, + y-h-^^''^ri,^ApF,s 



(195) 



In the following we take these total derivative terms near AdS^ boundary. Substituting 
the asymptotical forms listed in (60) - (71) of on-shell fields and supersymmetry transforma- 
tion parameters as well as 7-matrices into (195), one can see that the above supersymmetry 
variation is IR divergent due to the infinite AdS^ boundary (r ^ 0). Therefore, as the case 
of evaluating Weyl anomaly, we must perform holographic renormalization: integrating over 
the radial coordinate to the cut-off r = e > 0, introducing the counterterm and then taking 
the limit e — > to remove the regulator. The finite ambiguity in adding the counter term is 
fixed by the four- dimensional Poincare supersymmetry. During this process the super- Weyl 
symmetry is violated and the corresponding super- Weyl anomaly arises. But we can use a 
shortcut to extract out this super- Weyl anomaly. We use the induced metric 
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/2^ 



(196) 



e->0 



on AdS^ boundary rather than gfj,u{x,e) [5,98]. In this way we can directly take the 
e ^ hmit and find that the non-vanishing contribution comes only from the term 
e-h''^^''^T%-4jf3aFsa- We obtain [26] 

where Xn is the Majorana spinor constructed from the left-handed spinor Xn given in (70). 
The non-vanishing term in Eq. (197) definitely gives the holographic super- Weyl anomaly 
since it is proportional to the confromal supersymmetry transformation parameter 7]. Sub- 
stituting the explicit form (70) of Xn into (197), we have 



5S = / d'^xriYs 



M 



3 



8 X 167rG(5) 



d X 



F^^D^^, + e^^'^^^^^F^.D^^, + \(y^''F,^ [d,^' - D'^, 
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where the 7-matrix algebraic relations are used, 7^7^^ = g^^'' — 27'^'^, 757^^^ = ie'^'^^^'~fxp/2. 
Eq. (intermerela) gives the gauge field part of the super- Weyl anomaly of A/" = 1 SU{N) 
supersymmetric gauge theory at the leading-order of large- A^ expansion. 



r.„ - ^ 



647r2 



F'^-'D.^P, + e'^'^^'^.F.^Dx^po + -cJ^" F,^ (d.^j^ - Z^V, 



(199) 



The super- Weyl anomaly of A/" = 2(4) supersymmetric gauge field theory in external 
conformal superconformal supergravity background should be derived from on-shell action 
of A/" = 4(8) SU{2) X f/(l) (50(6)) gauged supergravity near AdS^ vacuum configuration 
in a similar way, but the concrete calculation on the supersymmetry variation is extremely 
complicated. 

E. Concluding Remarks on Holographic Superconformal Anomaly 

We have shown how the superconformal anomaly multiplet of a supersymmetric gauge 
theory in a classical conformal supergravity background can be reproduced from on-shell 
gauged supergravity via the AdS/CFT correspondence. It is amazing that these three dis- 
tinct anomalies can be extracted out in the framework of a five-dimensional gauged super- 
gravity. However, only partial results listed in Eq. (10) are reproduced from gauged super- 
gravity. For example, Eqs. (160) and (199) show that only the gauged field part of chiral- and 
super- Weyl anomalies arise holographically from gauged supergravity ^. The reason for the 



^The holographic chiral i?-syninietry anomaly in AA = 4 SYM receives no contribution from 
gravitational background due to its its nice field content [29]. Thus the gauge field CS term is 
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failure of revealing this gravitational part is that the five-dimensional gauged supergravity 
(or the type IIB supergravity in AdS^ x X^ background) is only the lowest approximation 
to the type IIB superstring theory in AdS^ x X^ background. Thus it is possible that the 
gravitational part cannot be revealed within the five-dimensional gauged supergravity itself, 
and one must consider the higher-order gravitational action such as the Gauss-Bonnet term 
generated from the superstring theory [27]. It was found that in Ref. [28] that for an A/" = 2 
USp{2N) supersymmetric gauge theory coupled to two hypermultiplets in the fundamental 
and antisymmetric tensor representations of the gauge group, the gravitational background 
part of its holographic chiral R-symmetry anomaly does come from a mixed CS term in a 
gauged supergravity with higher order gravitational correction. Specifically, this CS term 
originates from the compactification on S^ of the Wess-Zumino term describing the inter- 
action of the R-R 4-form field with eight D7-branes and one orientifold 7-plane system in 
type IIB superstring. In particular, this gravitational background term is at the subleading 
N order rather than the leading A^^ order in the large- A^ expansion. 

Finally, it should be pointed out that the essence of the holographic anomaly is the 
anomaly inflow from the bulk theory to the AdS^ boundary [30]. 

V. INTERNAL SUPERCONFORMAL ANOMALY FROM D-BRANE DYNAMICS 
AND REFECTION IN BRANE SOLUTION OF TYPE II SUPERGRAVITY 

A. Fractional Brane as the Origin of Internal Superconformal Anomaly in 

Low-energy Brane Dynamics 

In this section, we shall try to understand the gravity dual of the internal superconformal 
anomaly. As stated in Sect. II, this type of superconformal anomaly originates from the 
dynamics of supersymmetric gauge theory itself. It has nothing to do with the external 
background field and and its coefficient is proportional to the beta function of the theory. 
Therefore, the gravity dual of this type of superconformal anomaly should have no holo- 
graphic meaning and we should go to the string origin of a supersymmetric gauge theory to 
look for its gravity dual. 

As stated in Introduction, a supersymmetric theory can be obtained through D-brane 
engineering in weakly coupled type-II superstring, i.e., placing a stack of D3-branes (maybe 
several types of D-branes) in a background space-time [33] Thus any dynamical phenomenon 
like the anomaly of a supersymmetric gauge theory should originate from certain brane 
configuration setting-up. We will see that the internal superconformal conformal anomaly 
actually relates to the fractional D-brane fixed at the singularity of a singular background 
space-time. On the other hand, in strong coupled type II superstring theory, Dp-hranes 
appear as a p-brane solutions to type II supergravity, i.e., space-time background to type 



fully responsible for the holographic origin of the chiral R-symmetry anomaly. This also explains 
the absence of the R^j_yXpR^'^ ^ term in the holographic Weyl anomaly of AA = 4 SYM found in 
Ref. [5]. For J\f = 1,2 supersymmetric gauge theories the gravitational background part should 
holographically arise from the supergravity side. 
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II superstring or type II supergravity. Therefore, we can observe how the existence of D- 
branes modify the space-time background and further investigate how this modification affect 
the supergravity in this space-time background to find the dual description to the internal 
superconformal anomaly. In the following we shall reveal how the internal superconformal 
anomaly is embodied in the construction of a D-brane configuration. 

Since a Dp-hrane is characterized by open strings ending on it. The low-energy dynamics 
of a Dp-hrane system describes the dynamical behavior of open string modes trapped on 
world- volume of Dp-hranes and their interaction with bulk supergravity. The corresponding 
effective action consists of two parts. One is the Dirac-Born-Infeld (DBI) action (in Einstein 
framework) and it describes the interaction between Dp-hianes and NS-NS fields of type II 
superstring, 

Sbbi = -Tp f rfP+ixe(P-3)^/^Tr^- det [g^, + e-^/^ {B^, + 27ca'F^,)]. 
/i,z/ = 0,---,p; (200) 

The other one represents the interaction of Dp-hrsmes with R-R fields described by the 
toplogical Wess-Zumino (WZ) term, 

Swz = fipf [CATr(e^+2WF\l ^201) 



p+i 



P+i 



In above equations, the parameters Tp and fip are the tension and R-R charge of a Dp-hrane. 
which are actually equal because of the BPS-saturation property of a Dp-hrane, 



Tp 



^^ = ^= (2^)Jhi+.)/2 > Tp = V^ {2.V^y-'' ; (202) 



The gravitational coupling kiq is related to the ten-dimensional Newtonian constant G'Ar(io) 
derived from closed string, 2fi;^Q = 167rG'Ar(io) = {2ny gla"^. F^^ is the strength of gauge 
field living on Dp-brane world-volume; G^y, B^^ and C^-^^.^...^„ are the pull-backs of ten- 
dimensional bulk metric Gmn, the antisymmetric NS-NS field B{2)mn and R-R fields Cmi---m„ 
to the p + 1-dimensional world-volume, 

g^Jiu = GmnQ^X duX , B^y = BmnQ^X d^X , 

C^iM2-Mn = ^A//iM2--M„f^^i-^ ^d^^X '^■■■df^^X ", n<p+l; (203) 

Finally, the trace operation takes over certain representation of gauge group. 

Now let us see how the superconformal anomaly is covered in the D-brane configuration. 
First, when the transverse space like conifold or orbifold has singularity, the closed string 
states consist of both the untwisted and twisted sectors [101]. The fractional Dp-hranes 
frozen at the singular point of transverse space are identical to the D(p + 2)-branes wrapped 
on two-cycle C2 like S*^ and the singular point can be considered as a vanishing two-cycle ^. 
The fields corresponding to the twisted string states emitted by fractional Dp-hranes should 



'''A roughly explanation is the following [102]: the fixed point in orbifold R^/F for T = Z2 oi Z2XZ2 
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locate at the singular point of target space-time. Based on the viewpoint that a Dp-hrane 
is considered as a wrapped D(p + 2)-brane, the twisted fields decompose into two parts, one 
part living on the p + 1-dimensional world- volume of fractional Dp-hrane, and the other on 
the blow-up of the vanishing two-cycle C2, 



Vp+3 = Vp+i X C2, B(2) = b{^)(^2, C(p+3) = C(p+1) A UJ2- 



(204) 



In above equation 002 is the differential two-form defined on the blow-up of the vanishing 
2-cycle, the twisted scalar field b{x) and the pull-back c^j.-.^p^i of R-R antisymmetric tensor 
fields live on the p + 1-dimensional world-volume of Dp-hianes. Substituting the fields in 
(204) into the DBI action (200) and WZ term (201) and expanding them to the quadratic 
terms of the gauge field strength, we obtain 



'S'dbi + 'S'wz 

-T-p+2 / rfP+^x e^P-^^'^/^Tr^- det {g,, + 2na'e-^/^F^,) f B, 

JVp+i JC2 



(2) 



C(p+i) / C(2) + k2na'f f C(,„3) A Tr (F A F) / C, 

-1 JC2 ^ JVp+i JC2 

+ f C(,+i) / 5(2) + k2na'Y f C(,_3) A Tr (F A F) / B^2) + ■ 

JVp+i JC2 ^ JV-p+i JC2 



'-'branc— bulk ~r O^ 



gauge , 



(205) 



where S'branc-buik is the action describing the interaction of fractional Dj9-brane with bulk 
fields and 5'gaugc gives the gauge field action on the world-volume of the Dp-brane, 



S, 



brane— bulk 



-T.„ 



^P+l2;g(p-3)</'/4^ 



1 



-9 



P+l 



+Atp 



c, 



Vp+1 



(p+i) 



C, 



(2) 



s. 



gauge 
1 



— « r„ 



(27rVa')^ ^^2 



{2'n^Ja'f JC2 
1 



fi, 



(2) 



c, 



Vp+1 



(p+1) 



{^Tx^la'f Jc2 



B 



(2) 



+ 



p+l 



— TrfF^'^F 



4 



Ap 



+ -afip 



I Tr{FAF)AC^p^s)(lc^2)+fB 

J Vp^l \JC2 JC2 

H,iy = 0,---,p; a,(3 = 0,---,p,a,b; 



(2) 



.-<P 



+ ■■ 



B, 



C2 



(2) 



(206) 



where a,b = 1,2 are the indices on the vanishing 2-cycle €2- Note that in Eqs. (205) and 
(206) we choose X^=Constant (/ = p + 1,- ■ ■ ,9) for the convenience of discussion, and 



and the apex of conifold with base T^'^ = S^/Z2 are singular limits of ALE spaces. Usually an 
ALE space contains compact 2-cycles, which shrinks to zero size at the fixed point of orbifold. 
Specifically, the McKay correspondence theorem states that the simple root aj of simply-laced Lie 
algebra has one-to-one correspondence with a 2-cycle in any ALE space and that especially the 
root corresponds to an irreducible representation of T. On the other hand, the fractional brane, as 
a boundary state of closed string theory, constitutes an irreducible of T. Therefore, a connection 
between the fractional brane and a vanishing 2-cycle can be established. 
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hence the pull-back Gu to world volume vanishes. Recalling the relation between the gauge 
couplings and string couplings, 

^ , ^ . .- . S. . POT, 

9ym 27r 27r 

and comparing Eq. (206) (in the case of p = 3) with Eqs. (11)-(13) we can see that it is the 
NS-NS- and R-R two- form fluxes ^^^ B(2) , /ca C'(2) carried by fractional branes through the 
shrunken 2-cycle that have created the running of gauge coupling and the shift of ^-angle 
and consequently lead to the internal superconformal anomaly of a supersymmetric gauge 
theory. Therefore, we conclude that the fractional branes frozen at the singular point of 
background space-time is the origin of superconformal anomaly of a supersymmetric gauge 
theory in brane configuration. 

This observation can be made more explicitly and quantitatively by the brane probe 
technique [102,103]. 

A concrete example is a D3-brane configuration in type IIB superstring theory. It consists 
of N D3-branes and M fractional D3-branes in a target space-time M^ x Cg. Cg is a conifold 
with base T^'^ = [SU{2) x SU{2)]/U{1), which is a Calabi-Yau threefold and has SU{3) 
holonomy. The apex of Cq is a singular point in background space-time. Therefore, one 
can put not only a stack of A^ D3-branes moving freely in the transverse space, but also 
a stack of M fractional D3-branes fixed at the singularity. All these D3-branes extend in 
four- dimensional Minkowski space-time M^. Topologically T^'^ ~ S*^ x S^, those fractional 
D3-branes can be considered as D5-branes wrapped around the vanished two-cycle 5*^ at 
the apex of Cq. The supersymmetric gauge theory coming from this brane configuration is 
just the A/" = 1 SU{N + M) x SU{N) supersymmetric gauge theory with two fiavors matter 
chiral superfields in the bifundamental representations (A^ -|- M, N) and (A^, A^ -|- M). The 
superconformal anomaly multiplet listed in Eqs. (36), (39) and (40) shows that the anomaly 
coefficient is indeed proportional M, the number of D3-fractional branes. This confirms that 
the fractional brane is origin of the internal superconformal anomaly in brane engineering. 



B. Modification on Brane Solution to Type Supergravity and Symmetry Breaking by 

Fractional Brane 

1. Deformation on AdS^ x T^'^ Background by Fractional D3-branes 

Since in the strongly coupled type II superstring theory, a stack of Dp-hranes behaves as 
a p-brane solution to type supergravity, the existence of fractional branes in brane configu- 
ration definitely modifies the p-brane solution produced by bulk Dp-hranes. In the following 
we still take above example in type IIB superstring — the A^ D3-branes and M fractional 
D3-branes in the space-time background M'^ x Cg — to expound how the fractional D3- 
branes modify three-brane solutions of type IIB supergravity and hence give rise to the 
symmetry breaking in the geometric background described by three-brane solution. 

We first consider the case without fractional D3-branes, i.e, the case of M = 0. The 
three-brane solution to type IIB supergravity takes the following form. 
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r* 4 

dsi.. = lie/' + ar + lu^r + lu^r 

1=1 ?=i 

^2=2 (^' A (?2 + (^3 A (7^) 

1 
= - (sin ^irf^i A d(f)i — sin ^2'^^2 A d(f)2) , 

U3 = g^ A U2, 
f UJ2 = 4:11, f uj3 = Svr^ (20J 

In above equations, the basis (7™ are one-form basis on T^'^, 



9 = 7^—, 9 



V2 ' ' ~ V2 ' ^ " v^ 



4 _ ^2 + ^2 



/ = ^7|-, / = CT^ + cT-\ (209) 



and 



(T"'^ = sin Oidcpi, a^= cos 2/9 sin ^2*^02 — sin 2(3d92-, 

o"2 = dOi, (7^= sin 2/9 sin ^2C^02 + cos 2pd92, 

a^ = cos 6*1^01, o-^ = 2rf/9 + cos 6'2rf02- (210) 

All other fields in this solution vanish. Near the horizon limit r ^ 0, Eq. (208) yields 

^2 ^2 

ds'^n = -rT;Vuudx'^dx'' H — -dr'^ + L?ds%i,\, 

F(5) = ^(5) + *^{5) 

— -dx^ A dx^ A dx^ A dx^ A dr + —^g^ A g^ A g^ A g^ A g^, 



9sL^ 27gs 

(211) 



^2 3^/3^^gJNa' 



It is exactly the AdS^xT^'^ space-time background for type IIB superstring. This leads to the 
correspondence between type IIB supersting in AdS^ x T^'^ background and Af = 1 SU{N) x 
SU{N) supersymmetric gauge theory with two fiavors in bifundamental representations 
(iV, A^) and (A^, A^) at the fixed point of its renormalization group fiow. 
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When those M D3 fractional branes are switched on at the apex of the conifold, the 
resultant background to type IIB superstring is the celebrated solution to type IIB super- 
gravity found by Klebanov and Strassler [49]. This solution is composed of not only the 
ten-dimensional space-time metric, the self-dual five-form field strength F(5), but also the 
NS-NS- and R-R two-forms, i?(2) and C(2) living only on T^'^ ~ iS^ x S^, 



UblQ 



F{5) = T{5) + -F(5), J^(5) = (ix° A dx^ A dx^ A dx^ A dh~^, 
QsMa' 



5, 



(2) 



(3) 



2 

Ma' 



fir)g'Ag' + kiT)g'Ag' 



{g' Ag'Ag'> + d [F{t) [g' A g' + g^ A g')]} . 



(212) 



In this solution /i(r) is the warp factor, ds^ is the metric of deformed conifold [49,105], 



"^-^('^'"'^-w 3IXFF 



dr^ + {g 



5\2 



-|- sinh 



2\2 



{gr + {g') 



cosh 



4\2 



{g-r + (/) 



F{t) 

fir) 
k{r) 



(sinh 2r-2r) 1/3 



21/3 sinhr 
sinh T — T 



2 sinh r 
r coth r — 1 

2 sinh T 
T coth r — 1 



(coshr — 1), 



2 sinh r 



(coshr -|- 1) 



h{T) = C{gsM) 



,22/3 



dx 



X coth X — 1 
sinh X 



sinh(2a;) — 2x\ 



1/3 



(213) 



C is the normalization constant. In the small r limit, /i(r ^ 0) ^ (gsM)"^, the background 
for ten-dimensional type IIB supergravity is approximately the M^x deformed conifold. 



ds'^ 
"*io 



.^0 ^ igsMr\udx^dx'' + gsM Qrfr^ + dQl + ^Aig'f + {g')'] ) , 



F(r^O)^0, F( 



(3) 



r^O 



M^3 Ag^Ag^ 



/(r^O)^O, A;(r^O)^0, 5 



(2) 



r-.0 



0. 



(214) 



Therefore, this solution is non-singular since the apex of the conifold has been resolved by 
F(3) fiuxes fractional brane [49], which prevents the three-cycle (~ S^) from shrinking to a 
point. 

In large-r case, the radial coordinate r is relevant to the radial coordinate r as the 
following. 



r3 ~ 12^/^6^ at large r. 



(215) 



60 



Consequently, the solution becomes the Klebanov-Tseytlin (K-T) solution [104], 

,2 7^2 , „2 .„2 



dsQ = dr + r dsj^i. 



h{r 



277i{a 



l\2 



3 , , ,^o , / r \ 3 



9,iV+^(,.M)Mny+-toM)^^ 



4^4 

F(3) = dC(2) = c(r)cJ3, 5(2) = 6(r)cJ2, 

^(5) = A^eflf(^)c^2 AC^3, 

3(7sMa^ / r \ Ma' 

Kr) = ^— ln(^-j, c(r) = ^-, 

iVeff(r) = iV + |-(7,M2 In (^^), C(2) = Ma'/3cu2 (locally). (216) 

All other fields vanish. At large r (or equivalently, large-r limit) the solution shows clearly 
that there are M units of R-R three- form fiuxes passing through the 3-cycle S^ of T^'^. 

On the field theory side, the J\f = 1 SU{N + M) x SU{N) supersymmetric gauge theory 
with two chiral superfields in the bifundamental representations {N+M, N) and (A^ + M, A^) 
is no longer a superconformal field theory. The zero point of its beta function is removed 
due to the existence of fractional branes. 

In above subsection the origin of superconformal anomaly of the field theory is identified 
as the fractional D-branes in brane configuration. Therefore, we see that the K-S solution 
(212) furnishes a space-time background for type IIB superstring (or supergravity) and 
it can be considered as a deformation on the three-brane solution (208) obtained from 
above D3-brane configuration without fractional D3-branes. In the following we analyze 
the symmetry breaking refiected in the space-time geometry described by the K-S solution 
so that an quantitative investigation on the gravity dual of the superconformal anomaly can 
proceed. 



2. Breaking ofU{l) Rotational Symmetry and Scale Symmetry in Transverse Space by Fractional 

Brane 

Generally speaking, in a brane configuration, the scale symmetry and chiral /^-symmetry 
of a supersymmetric gauge theory living on the world-volume of Dp-branes come from the 
geometrical scale- and rotation transformation invariance of transverse space, 

x^ — ^ /ie'V, j9 + 1 < / < 10. (217) 

The amount of supersymmetries in supersymmetric gauge theory depends on how many 
supersymmetries are preserved by such a brane configuration. Since a D-brane configuration 
is represented by a brane solution to supergravity, one can thus equivalently analyze the 
symmetry in the background geometry described by brane solution to observe the effects of 
fractional branes. 

Based on this argument, let us observe the manifestation of the scale symmetry and 
f/(l) = 5*0(2) rotation symmetry in the K-S solution. First, in the case with no fractional 
branes (M = 0). The near- horizon limit of the three-brane solution is AdS^ x T^'^ listed 
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in (211). This solution shows exphcitly that the scale symmetry is trivially present in 
the transverse space part and the f/(l) symmetry is reflected in the invariance under the 
following /9-angle rotation, 



(3 — > 13 + a. 



(218) 



When fractional D3-branes switch on at the apex of Cg, the solution (212) shows that 
near the horizon r — > the metric ceases to be AdS^ x T^'^. This is because that not only 
h{r) and F(5) get additional logarithmic dependence, 



h{r) ~ — 



Ci + C2 In - 

A^ + C3 In — 
^0 



UO2 A CJ3 + *(cj2 Ac^s)], 



(219) 



but also the background fields B(^2)mn and C(2)mn have been generated by the fractional 
brane fiuxes. The coefficients Ci {i = 1,2, 3) in (219) can be extracted out from the solution 
(216). 

It was analyzed in Ref. [1] that it is the non-invariance of C(2) under the /9-angle rotation 
that leads to the chiral R-symmetry anomaly in A/" = 1 supersymmetric SU{N + M) x 
SU{N) gauge theory. A similar analysis can show that it is the non-invariance of 5(2) 
under scale transformation in transverse space that results in the scale anomaly in A/" = 1 
supersymmetric SU{N+M) x SU{N) gauge theory. Under the scale transformation r ^ fir, 
the 5(2) given in Eq. (212) transforms as 



B, 



(2) 



B(2) H 7, ^2ln/i. 



(220) 



The relation between string coupling and gauge couplings of the A/" = 1 supersymmetric 
SU{N + M) X SU{N) gauge theory [49,91] gives 



1 



1 



— -I- — ^^ p 

,2 ~ „2 ^ 



1 
9 s' 



9l 



gl 



5, 



52 



(2) 



so we have 



9l 



1 
2^ 



B. 



52 



(2) 



9l 



1 
2^ 



52 ^(^) + 2 



(221) 



(222) 



Comparing Eq. (222) with Eq. (220), one can see that the variation of B(2) under scale 
transformation is relevant to /9-functions of the SU{N + M) x SU{N) gauge couplings at 
the IR fixed point, [49], 



d 87r2 



3M, 



d Stt^ 
c^(ln/i)^2(/^) 



-3M. 



(223) 



Therefore, the scale anomaly coefficients of A/" = 1 SU{N + M) x SU{M) gauge theory given 
in Eq. (39) is reproduced. 
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3. Breaking of Supersymmetry by Fractional Brane in Three-brane Solution Background 

The supersymmetry breaking produced by fractional Z^S-branes can be detected by check- 
ing the supersymmetry transformations of fermionic fields A and \1'm of type IIB supergravity 
in the space-time background described by K-S solutiopn (212) and observing the existence 
of Killing spinors. The field content of type IIB supergravity consists of the dilaton field 0, 
the metric Gmn and the second-rank antisymmetric tensor field B(2)mn from NS-NS sector 
and axion field C(o) , the two-form potential C(2)mn and four- form potential C(^4)mnpq with 
self-dual field strength from R-R sector. The fermionic fields are left-handed complex Weyl 
gravitino "^m and right-handed complex Weyl dilatino A, T^^'^m = —"^m, T^^A = A. The 
supersymmetry transformation laws for the fermionic fields of type IIB supergravity read 
[106], 

5 A = T'^e*PM '^'^'^^^G(^)MNP + fermions relevant terms, 

Kio 24 

+ ^ \^M^^^Gi^)NPQ - 9T'^^G(3)mnp) (^* + fermions relevant terms, 
M,iV, ■■■ = 0,l,---,9. (224) 

In above equations, the supersymmetry transformation parameter e is a left-handed complex 
Weyl spinor, F^^e = — e, and other quantities are listed as the following, 

1 + ir 
PM = fdMB, QM = flm{BdMB*), B = - -, 

I — tT 

r^ = l-BB\ r = C(o)+^e-^ 

G(3)MNP = f (-^(3)MArp " BF^^^^^pj , 

F{z)MNP = 3(9[M^(2)AfP], A(^2)MN = C{2)MN + iB(2)MN, 

F(5)MNPQR = F(^5)MNPQR ^ X 10 Im (^A[(2)MAf-^(3)PQi?] j , 

F(5)MNPQR = 5(9[MC'(4)AfPQ_R], 

Due = dMe + -oo^^^'TABe. (225) 

To highlight the effects of fractional branes, we first consider the supersymmetry transfor- 
mation in the background without fractional branes and work on the background furnished 
by three-brane solution whose near-horizon limit is AdS^ x T^'^ (211). The supersymmetry 
transformations for the fermionic fields in such a background read: 

(5A = 0, 

s^M = ^^{9m + ^cu^^^r-^^) e + -l-r^««^^F(5)PQ«5TrM6 = 0. (226) 

The first equation 5A = is trivially satisfied. We only need to substitute the background 
solution (211) into (5\E'm = and then solve it to observe whether there exist non-trivial 
Killing spinors. 

63 



First, the AdS^ x T^'^ metric (211) can be rewritten in terms of the velbein, 

2 2 

dsio = (en' + {el' +j:{vr +j:{vr + {v'y, 

i=l ?=1 

e" = ^d^dx", e~ = -S^dr, 
L ^ r 

Using the structure equation and torsion-free condition, T^ = dE^ + uj\ A E^ = 0, and 
taking into account following identities on T^'^, 

da^ = --er^(T^ A a^, dc/ = -eijkcr^ A a^, (228) 

2 -^ 2 

we derive spin connections such as u;"^ = —uj^a — ^"'/L etc.. Then the Killing spinor equation 
(226) with the self-dual five-form field given in (211) leads to [105], 



^r./2 



r 



x^r„ fi - r. 



eo, 



2^2- -1^ 

-L Tt ^ "^-L xf)'- xi^ X2'- X'l,) J- ^ J-, yZ,Z,)jj 

where eo is an arbitrary constant spinor in ten dimensions but constrained by 

-'^3192^0 = ^0; ^gzgi^o — ~^o- (230) 

In above equations, for clarity we use the AdS^ x T^'^ space-time coordinates to label the 
components of F-matrices. The Killing spinor solution (229) is consistent with the chirality 
Fiic = — e. The constraint (230) on eo leads to 

^9192^ = e, r333,e = -e (231) 

because Tg^g^ and Tg.j^g^ commute with F^ and F^, jj, = xo,---,X3. Eq. (231) means that 
the Killing spinor e has only eight independent components. This implies that after the 
spontaneous compactification on T^'^, type IIB supergravity in AdS^ x T^'^ background 
gives rise to J\f = 2 f/(l) gauged AdS^ supergravity coupled with SU{2) x SU{2) Yang-Mills 
fields and some Betti tensor multiplets due to non-trivial topology of T^'^ . 

Furthermore, the Killing spinor (229) is actually a formally unified expression for the 
following two types of Killing spinors [105,107], 

^1/2 

e+ = r'/\+, e = r-'^ho^ + — F.oj'^F^eo-, 
eo± = ^(l±r.)eo, F,eo± = ±eo±. (232) 

The above equations show that e+ is independent of the coordinates on D3-brane world- 
volume and is a right-handed eigenspinor of F^, i.e., F^e_|_ = e+. It thus represents the A/" = 1 
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Poincare supersymmetry in a four- dimensional supersymmetric gauge theory. On the other 
hand, e_ depends on x^ hnearly and is not an eigenspinor of F^. So it indicates the A/" = 1 
conformal supersymmetry of supersymmetric gauge theory in four dimensions. 

When we switch on M fractional branes, the background is described by the K-S solution 
(212). The above Killing spinor equations from the supersymmetric transformations on 
dilatino and gravitino becomes 



5^ 



5A = -— F(3)MAfpr 
1 /„ 1 

4 



MNP 



e = 0, 



M 



— \Om + - ^M ^ 



480 



i i M^^{5)PQRST 



1 
96 



P NPQ B ar^P p , ^•• 

J- M ^{3)NPQ — yi r{1,)MNP] e 



0. 



(233) 



The metric (212) expressed in terms of o"* and o"* takes the following form [105], 



ds 
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where the vielbein one-forms read [105] 



3^^ = h~'/'{T)5\dx'^, e = t^-^i^^dr6\dr, 

~ ^,V^h'l\r)Ky\r) sinhr ~ . 
1/ = z g , «=1,2 



V* 



2 \/cosh r 

^2/3/,l/4(^)^l/2(^) 



-vcosh 



a 
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coshr / 



l^' 



5 _ fi^/^h'/\r) 



VQK{t) 



ia' + a^) 



(234) 



(235) 



The same procedure as the case without fractional brane gives the following Killing spinor 

[105] 



e = h-'/\r)exp{-^r 



a. 



9192 



eo, 



where a is defined by 



1 



sinhr 



sma 



cos a = 



cosh r cosh r 

eo is a constant spinor but suffers from following constraints [105], 

r*eo = ^"^^0? ^9ig2^o = ^r^gg^eo, r^ggeo = ~i^o- 



(236) 



(237) 



(238) 
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These constraints on eo determine that the Kilhng spinor e should satisfy 

r^e = -it, Tg^g^t = -Tg,^g^e = i (cos a + sin aVg^g^) e, Trg^t = -it. (239) 

These three constraints imply that e has only four independent components. Specifically, now 
e is independent of the coordinate on the world-volume of Z)3-brane. This four-component 
Killing spinor means the only existence of A/" = 1 Poinare supersymmetry. This indicates 
that the conformal supersymmetry in the dual four- dimensional supersymmetric gauge the- 
ory disappear due to the presence of fractional D3-branes. 

VI. GRAVITY DUAL OF SUPERCONFORMAL ANOMALY AS 

SPONTANEOUSLY BREAKING OF LOCAL SUPERSYMMETRY BREAKING 

IN GAUGED ADS^ SUPERGRAVITY AND CONSEQUENT SUPER-HIGGS 

EFFECT 

A. Spontaneous Compactification of Type IIB Supergravity and Symmetry Breaking 

in Gauged AdSr^ Supergravity 

The above analysis shows that the geometrical background represented by K-S solution 
keeps less space-time symmetries in type IIB supergravity than AdS^ x T^'^ does. We choose 
this solution as a classical vacuum configuration for type IIB supergravity and expand the 
theory around such a background. The spontaneous of local symmetries in gauged AdS^ 
supergravity will occur and the consequent super-Higgs mechanism will take place. 

To expound this physical phenomenon clearly, we first consider the case without D?>- 
fractional branes and the vacuum configuration for type IIB supergravity is AdS^j x T^'^ 
given in (211). However, a gravitational system has geometrical meaning, expanding ten- 
dimensional type IIB supergravity around such a vacuum configuration is actually a process 
of performing spontaneous compactification of type IIB supergravity [15,18,108] on the com- 
pact internal manifold T^'^. According to the general idea of the Kaluza-Klein (K-K) com- 
pactification [109], all the geometrical symmetries refiected in the internal manifold including 
the supersymmetry it preserves should emerge as local symmetries in the compactified the- 
ory. For example, the isometric symmetry of internal manifold becomes the gauge symmetry 
of compactified theory. Therefore, for type IIB supergravity in the AdS^ x T^'^ background, 
the isometry symmetry of T^'^ is SU{2) x SU{2) x f/(l) and it preserves eight supersym- 
metries, the resultant theory after compactification should be A/" = 2 five- dimensional U{1) 
gauged AdS^ supergravity coupled with Af = 2 SU{2) x SU{2) Yang-Mills vector multiplets 
and several Betti tensor supermultiplets, whose presence attributes to the nontrivial topol- 
ogy of T^'^ [110]. The local symmetries in A/" = 2 f/(l) gauged AdS^ supergravity are the 
M = 2 supersymmetry, 5*0(2,4) space-time symmetry and U{1) gauge symmetry. 

When fractional branes switch on, the fiuxes carried by them deform AdS^ x T^'^ space- 
time, and the space-time geometry is described by the K-S solution. In practical calculation 
we use the UV limit of K-S solution — the K-T solution (216) [104]). The discussions in last 
section show that the amount of the isometry symmetry of the deformed T^'^ and super- 
symmetries it preserves are less than that exploited from T^'^. Therefore, the compactified 
theory obtained from the compactification of type IIB supergravity on the deformed T^'^, 
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i.e., the five-dimensional gauged supergravity, should possess less local symmetries than 
those extracted from T^'^. This means that some of local symmetries break spontaneously 
since the breaking takes place on the classical solution to type JIB supergravity. 

A straightforward consequence of the spontaneous breaking of local symmetry is the oc- 
currence of Higgs mechanism. Just like what usually done in gauge theory, we reparametrize 
the field variable and "shift" the vacuum configuration described by the K-T solution back to 
AdS^ X T^'^. The essence of this operation is performing local symmetry transformation and 
transferring the non-symmetric feature of the vacuum configuration to the classical action. 
Then we expand type IIB supergravity around AdS^xT^'^ with newly defined field variables, 
the action of five-dimensional gauged supergravity should lose some of local symmetries and 
the graviton multiplet in gauged AdS^ supergravity should obtain mass by eating a Gold- 
stone multiplet relevant to NS-NS- and R-R two-form fields in the K-S solution. In this 
way, we reveal how the super-Higgs mechanism due to the spontaneous breaking of local 
supersymmetry in gauged supergravity occurs. In fact, this phenomenon is well known in 
the Kaluza- Klein supergravity [111]: when the internal manifold is deformed or squashed, 
it keeps less symmetries for the compactified theory than the undeformed (or unsquashed) 
internal manifold. This is the so-called "space invader" scenario and can be naturally given 
an interpretation in terms of spontaneous breaking of local symmetry in K-K supergravity 
[111]. 

Now we have realized following physical phenomena. On the field theory side the presence 
fractional D3-branes is the origin for superconformal anomaly, while on gravity side, they 
deform the AdS^ x T^'^ space-time geometry of type IIB supergravity and hence lead to 
the spontaneous breaking of local symmetries and the consequent super-Higgs mechanism 
in gauged AdS^ supergravity. These two physical phenomena have common origin in brane 
configuration and thus should be dual to each other in the gauge/gravity correspondence. 

Before proceeding to establish the dual correspondence between the superconformal 
anomaly in a supersymmetric gauge theory and the super-Higgs mechanism in gauged AdS^ 
supergravity, we review the compactification of type IIB supergravity on T^'^. 

The first step of performing the compactification on T^'^ is writing the metric in (208) 
as the Kaluza-Klein metric form, 



ds^ = h-^/\r)r]^^dx>'dx'' + h}'^{r)dr^ 



+ h'/^^ryl-{g'-2Ay+^ 



9 V" ^6 




(240) 



r=l s=3 

In above equation, K"'^ and L^* are components of Killing vectors K"^ and L^ on T^'^, they 
are generators for SU{2) x SU{2) Yang-Mills gauge group in the resultant A/" = 2 f/(l) 
gauged supergravity coupled with six Yang-Mills vector supermultiplets, 

W"" = W^dx"" and W = W ^rfx" are the corresponding six SU{2) gauge fields in five- 
dimensional space-time; A = A^dx"" is the U{1) gauge field corresponding to the isometry 
symmetry f/(l) and it constitutes a A/" = 2 supermultiplets with the graviton hap and 
gravitini ■i/'^ {i = 1, 2) in five-dimensional gauged supergravity. The isometry symmetry 
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and various other geometric symmetries manifested in the internal manifold such as the 
supersymmetry it preserves all convert into local symmetries of the compactified theory. To 
serve our purpose we concentrate only on the f/(l) symmetry since it is the gauge symmetry 
that enters space-time supersymmetry in A/" = 2 gauged AdSr, supergravity. 

Accompanying with the K-K metric (240) the self-dual five-form in Eq. (208) should also 
be modified to keep its self-duality since the Hodge star operation is defined with respect to 
the metric [1], 



-F5 = dC4 = —drh ^{r)dx^ A dx A dx A dx^ A dr 
9s 

L'^ r 3 

+ ^ [x A (?i A (?' A g"" Ag^-dAAg''Adg'' + j C"dA) A dg' 

Consequently, there exists locally 

C4 = —h-\r)dx^ A dx^ A dx"^ A dx^ 
9s 



(242) 



+ 



2L 



27 



1 ...... 3 



I3g^ A g'^ A g^ A g^ - -A A g^ A dg^ + —h-^/\r) {*''dA) A dg 



2r 



(243) 



where x = 9^ " 2^, ^5 is the five- dimensional Hodge dual defined with respect to AdS^ 
metric 

^4dS5 = dalix, r)dx''dx^ = ^r]^,dx^dx'' + ^dr\ (244) 

Obviously, the K-K metric (240) and F^ are gauge invariant under local f/(l) gauge trans- 
formation in the gauged AdS^ supergravity, 

/5 ^ /3 + A, A^A + dK. (245) 

-F5 satisfies the Bianchi identity dF^ = 0, which determines A is a massless vector fields in 
AdS^ space, i.e., d*''dA = 0. 

Let us turn to the specifics of performing compactification on T^'^ [112]. Usually when 
performing compactification of a certain D-dimensional supergravity on AdSo-d x K'^, one 
should first linearize the classical equation of motion for field function $(a;, y) = ^^'^^^'^^{x, y) 
in AdSo-d x K'^ background. In the above, K*^ = G/H is certain ci- dimensional compact 
Einstein manifold, x and y are the coordinates on AdS^^d and K'^, respectively; {J} and [A] 
label the representations of local Lorentz groups 5*0(2, D — d—1) and SO{d) realized on field 
functions, respectively. The next step is to expand the y-dependent part of field functions in 
terms of if-harmonics on K*^, which are representations of the group G branched (or reduced) 
with respect to its subgroup H. If the internal manifold is K'^ = S"^ = SO{d + 1)/S0{d), 
which is the maximally symmetric Einstein manifold, this procedure works smoothly since 
now H is SO{d) and it coincides with local Lorenz group of the d-dimensional internal 
manifold. However, if the internal manifold is a less symmetric one, then H is usually a 
subgroup of SO{d). In this case, the field function representations of SO{d) are usually 
reducible under the action of H. Therefore, only those if -harmonics that are identical to 
the SO{d) field function representations branched by H can contribute to the expansion of 
field functions on K'^. 
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The compactification of type IIB supergravity on AdS^ x T^'^ is exactly like this. T^'^ is 
the coset space G/H = [SU{2) x SU{2)]/Unil) and the generator of Uuil) is the sum T^+f^ 
of two diagonal generators of SU{2) x SU{2). The harmonics on T^'^ are representations of 
SU{2) X SU{2) labeled by weights {z/} = (j,/), 



r(y)^([FW'^)(y)]™). 



(246) 



In above equation, m = 1, ■ ■ ■ , (2j + 1) x (2/ + 1) are the representation space indices of 
SU{2) X SU{2) and r is the representation quantum number for the U{1) group whose 
generator is T3 — T3. This U{1) group is actually the i?-symmetry group in the dual A/" = 1 
super symmetric gauge theory, which on the gravity side originates from the isometry group 
SU{2) X SU{2) X f/(l) of T^'^. The representations (j, /) are reducible with respect to 
the subgroup f/H(l) and hence decompose into a direct sum of fragments labeled by the 
[/H(l)-charge g^. 



/ 



rOV.O(^)]™ = \^W,r)^y) 



V 






m 
m 

m 
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The irreducible representations Y^^''-'^\y) are called f/H(l)-harmonics on T^'^. 

On the other hand, since the field function ^^■^^^'^^ {x , y) on AdS^ x T^'^ lies in certain 
representations of the local Lorentz group S0{2, 4) x 5*0(5), here {J}, [A] denoting the rep- 
resentation wights for 5*0(2,4) and 5*0(5), respectively. The Uni^) is a subgroup of 5*0(5) 
since the representation of its generator can be naturally embedded into the representation 
of 5*0(5) generators [113]. The representations [A] of 5*0(5) furnished by the y-dependent 



are also reducible with respect to 



part of ^^■^^^'^^ (x , y) , which are denoted as X^'^^{y) 
U}i{l), n being the representation indices of 5*0(5) in field function space. The field func- 
tion representation space thus decomposes into a direct sum of irreducible subspaces labeled 
by the Uu{l)-ch.aTge q^, 



I 



X^%) 






9« 



V 



XW(t/) 
XW(l/) 

XW(y)" 



\ 



91 

n 

92 



(248) 



QK 



J 



The irreducible representations X^ Hy) in above equation are usually called the 5*0(5) 

L J q^ 

harmonics. The field function naturally admits an expansion in terms of the 5*0(5) har- 
monics. Therefore, a t/H-harmonics Y can contribute to the expansion of a field function 
on T^'^ only when it is identical to (or contains) certain 5*0(5) harmonics X. A detailed 
analysis on how the SU{2) x SU{2) representations branched with respect to U}i{l) appear 
in the decomposition of the field function representations of 5*0(5) with respect to Uii{l) is 
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performed in Ref. [112]. Once the expansion of field function $^*^'^W(a;, y) in terms of those 
admissible f/H(l)-harmonics on T^'^ is known [112], 



[A] 



N 



^imi(^,,y)=U};i[i,,y)r^=^Ui-p 



[A] 



i=l 



/$|f}(x,|/)\ 
\mHx,y)) 






(249) 



then we substitute it into the following linearized equations of motion of type JIB super- 
gravity in AdS^ X T^'^ background, 



(irf> + 4^])<l>{^>W(x,i/) = 0. 



(250) 



In above equations, a,b- ■ ■ are the indices of the [A]-representation, Ky^ and K^^'' are the 
kinetic operators of type IIB supergravity on AdS^ and T^'^, respectively. Usually there are 
three types kinetic operators Kl^ in supergravity: the Hodge-de Rahm- and Laplacian oper- 
ators acting on the scalar, vector and antisymmetric fields; the Dirac and Rarita-Schwinger 
operator acting on the fermionic fields and the Lichnerowicz operator on the symmetric 
rank-two tensor field. All these three types of operators are (or are relevant to) certain 
Laplace-Beltrami operators on T^'^ = [SU{2) x SU{2)] /Uu{l)- Thus the action of K!l^^ on 
f/H(l)-harmonics gives [112] 



4" \Y^''''''\y) 



M 



{j,l,r) 



ik 



yO-,«,0(^) 



qk 



(251) 



This equation together with the linearized equation of motion (250) and f/H(l)-harmonic 

Ah 

ij 



expansion (249) of field functions shows that M^!-' '^ are mass matrices for the K-K particle 
tower ^y}S-'''''^\x) in AdS^ space. 



-<7fem 



(5,,irf} + MW-))$i;'K^''-)(x) 



0. 



(252) 



Therefore, the zero modes of the kinetic operator KJ^ will constitute field content of the 
compactified theory, which turned out to be the Af = 2 f/(l) gauged AdS^ supergravity 
coupled with SU{2) x SU{2) Yang-Mills vector supermultiplets as well as some Betti tensor 
multiplets [112]. 

B. AA = 2 U{1) Gauged AdS^ Supergravity from Type IIB supergravity in AdS^ x T^'^ 

Space-time Background 

In this subsection, we show how the M = 2 U(l) gauged AdS^ supergravity comes from 
type IIB supergravity in the AdS^ x T^'^ vacuum configuration. 

The action of type IIB supergravity is listed as the following [14,106], 
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5'iiB — 'S'ns-ns + 5'r_r + Scs + Sp, 

(3) ) 



ZHltc) J \ Z X o! 



ZiKj-irt J \Z Z X o! 



1 F BMNPQR] 



4^y " 4! X 3! X 3! '-^(4)Mi-M4^(3)jvi-7V3^(3)Pi-P3, 



Sf = —^ I d'^xE 
2/^10 



10 

'-AT'' Dm A + ^Ar^^^«^AF(5)MiVPQp 



^ Try pMATp n iT/ -*^ Tj? p*^^^ /pLfywxy B \r \jf 

2 8x5! ^ ^ ' / 

-— Kio^Mr^^*^ [F(3)ArpQ - iH(^3)NPQJ V'^ A + four-fermion terms 



(253) 



which is further supplemented with the self-dual constraint on the five-form field strength 
*F5 = F5. In above equation 

F{3)MNP = Fi^3)MNP — Ci^o)H{3)MNP, 
_ 5 5 

F{^)MNPQR = F(^5)MNPQR — T'tloC'[(2)MAf-f^(3)PQiJ] + T'«10-B[{2)MAf-^(3)PQi?] • (254) 

The arising of A/" = 2 f/(l) gauged supergravity from type JIB supergravity in the 
AdS^ X T^'^ background can be observed from the classification of the particle spectrum 
under the AdS^ space-time supergroup SU{2,2\1). The bosonic subgroup of SU{2,2\1) 
is S'0(2,4) X f/(l), of which 5*0(2,4) is actually the isometry group of AdS^ space-time. 
Further, ^0(2,4) has the subgroup 50(2) x 50(4) = 50(2) x SU{2) x SU{2) and the f/(l) 
comes from the isometry group SU{2) x SU{2) x f/(l) of T^'^ This U{1) is the gauge group of 
the Af = 2 gauged AdS^ supergravity, while on the dual field theory side it is the /^-symmetry 
group for the A/" = 1 supersymmetric gauge theory in four dimensions. A representation 
D{Eo,j,l\r) of SU{2,2\1) is labeled by the AdS^ energy Eq, the SU{2) x SU{2) quantum 
number (j, /) and f/(l)-charge r. According to the representation of SU{2,2\1), the K-K 
spectrum of type IIB supergravity on AdS^ x T^'^ can be classified into a graviton multiplet, 
four gravitino multiplets and four vector multiplets and also some Betti multiplets. The 
massless gravitino supermultiplet {ha/3,ipa,Aa) constitutes the following representations of 
5f/(2,2|l), 

D{4, 1, 1|0) © D{7/2, 1, 1/2| - 1) © D{7/2, 1/2, 1|1) © D{3, 1/2, 1/2|0). (255) 

These are the so-called maximal shortening representations to SU{2,2\1) since the bound 
for a unitary irreducible representation is saturated by this supermultiplet. That is, they 
satisfy Eq = 2 + j + I, r = 2{j - /)/3. 

Further, the above graviton multiplet indeed arises from the compactification of type 
IIB supergravity on T^'^. First, h^pix) is the massless mode in the scalar f/H(l)-harmonic 
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expansion of Hai3{x, y) , which is the AdS^ space-time component of ten-dimensional graviton 
Hmn{x, y)'i Aa is the hnear combination of two massless modes in the vector f/H(l)-hcirmonic 
expansion of H^a and C(4)oa6c, which are the crossing components on AdS^ and T^'^ of the 
graviton HMN{x,y) and the R-R four form field C(i)MNPQ{,x,y), respectively; 'ipa comes 
from the massless mode in the spinor ?7H(l)-harnionics expansion of ipa-, which is the AdS^ 
component of ten-dimensional gravitino ipM [112]. Based on above compactification, the 
action of A/" = 2 f/(l) gauged AdS;^ supergravity can be straightforwardly extracted out 
from type IIB supergravity in the AdS^ x T^'^ background, 



'-'gauged 2 ' 






(256) 



In above equation we list only the quadratic sector of the action for graviton supermulti- 
plet and omit the terms involving other Yang-Mills vector multiplets and Betti multiplets. 
Eq. (256) shows that the graviton multiplet (A^, V^^, /la/j) is massless. This graviton multi- 
plet should be dual to the current supermultiplet (j^,s^,T^i,) of the supersymmetric gauge 
field theory on the AdS^ boundary in terms of the holographic definition on AdS/CFT 
correspondence [4],. 

This scenario will change in terms of the gauge/gravity correspondence due to the su- 
perconformal anomaly of the supersymmetric gauge theory. 



C. Dual of Chiral i?-symmetry Anomaly d^j^ 

We first review the dual description of the chiral Uji{l) anomaly of A/" = 1 SU{N + M) x 
SU{N) gauge theory from type IIB supergravity in the K-S solution background found in 
Ref. [1]. 

When fractional branes are absent, the K-K metric and the five-form field shown in 
Eqs. (240) and (242) are Ur{1) gauge invariant after the compactification on T^'^ is per- 
formed. The graviton multiplet of gauged AdS^ supergravity is massless. When fractional 
branes switch on, both the K-K metric (240) and the five-form (242) get deformed, but they 
still keep f/i?(l) gauge invariant. However, as shown in Eq. (212), the field strength F(3) 
of R-R two-form C(2) appears in the background solution and it depends on the angle f3 
linearly. 

Ma' Ma' . Ma' . / i o s 4\ 

F(3) = ^-^3 = ^-^' A 0^2 = -^g'' A [g^ A (?2 + (?3 A g'') , 

g^ = 2d(3 + cos 6'irf0i + cos 62d(f)2, (257) 

it is not invariant under the rotation of /3-angle. Like what usually done in dealing with the 
spontaneous breaking of gauge symmetry, one should consider the fluctuations around this 
F(3) and shift it as 

^(3) = ^{g' + ^djdx'^) A U2. (258) 

by introducing a new field, 
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e = F 



Co. 



52 



(259) 



In above equation F is a field function in ten-dimensional space-time. -F(3) is obviously 
invariant under the combined gauge transformation, 

(3 ^ (3 + a, 6 ^6 -a. 



Further, F(3) can be rewritten in terms of the gauge invariant quantity x^ 9^ 
newly defined vector field W^, 

F3 



(260) 
2A and a 



Ma' 



ix + 2W^dx") A 102 
= Ff + Ma'Wadx"" A cus; 



W^ = A^ + dj, F 



(0) 



Ma' 



-X- 



(261) 



The vector field Wa and the U{\) gauge field A^ have the same field strength Fq,/3, but 
Wa has got the longitudinal component. Now we consider type IIB supergravity in the 
symmetric vacuum configuration furnished by the metric (240), the self-dual five-form (242) 
and this new R-R three-form field strength F^ defined in (261). Taking into account only 
the Einstein-Hilbert- and the R-R three-form terms in the classical action (253) of type IIB 
supergravity, one has [1] 



S^ 



IIB 



2/^10 



2/^10 



jlO 



X 



ER 



-F3 A *F3 + 



jd^^xE --h'/\ryF"''F^f,-(-^ 



3Ma' 



' (tjt 



W"Wc + 



(262) 



The above equation means that the t/i?(l) gauge field coming from the compactification 
of type IIB supergravity on T^'^ has gained a mass, whose value depends on the fluxes 
carried by fractional branes ^. This phenomenon exactly means the occurrence of the Higgs 
mechanism: when fractional branes are present, the classical solution breaks the f/(l) gauge 
symmetry; after we modify the classical solution to make it gauge invariant, the classical 
action of type IIB supergravity around this symmetric vacuum configuration loses gauge 
symmetry and the f/(l) gauge field acquires a mass. 



^A rigorous analysis, wfiich takes into account both the self-dual equation for five- form field 
strength and the (Qx)-coniponent in the Einstein equation of type IIB supergravity, was performed 
in Ref. [120]. It showed that there actually exists another vector field K^, which originates from 
the fluctuation of the four- form potential Cu\ and mixes with Wa- If considering only transverse 
parts of Wa and K^, one can diagonalize their coupled equations by taking a linear combination 
Wi^^ = Wa-54/[h{r)r^]Ka, wi^^ = Wa+54:/[h{r)r*]Ka. The decoupled equations show that wi^^ 



(1) 



is actually massive in AdS^ x T ' limit. It is Wa that acquires a mass through the spontaneous 
breaking of the f/(l)-symmetry. In particular, the mass of Wa acquired through Higgs mechanism 
is at the order of {Ma')"^ rather than Ma' . 
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D. Dual of Scale Anomaly 6^^^ 

To find the dual of scale anomaly, we first analyze how the local symmetry corresponding 
to the scale symmetry on field theory side becomes broken in the K-S solution and how it 
is related to the compactification of type IIB supergravity on the deformed T^'^. Obviously, 
the local symmetry that corresponds to the scale symmetry on field theory side should have 
nothing to do with the isometry symmetry of internal manifold T^'^, and it would rather be 
related to the diffeomorphism symmetry of the AdS^ space. The argument for this state- 
ment is motivated from Ref . [25] , where it was shown that near the AdS^ boundary the bulk 
diffeomorphism symmetry preserving the form of AdS^ metric decomposes into a combina- 
tion of the four-dimensional diffeomorphism symmetry and Weyl symmetry. According to 
the AdS/CFT correspondence at supergravity level, the four- dimensional diffeomorphism- 
and Weyl symmetries are equivalent to the conservation and tracelessness of the energy- 
momentum tensor of the four-dimensional supersymmetric gauge theory [24]. This suggests 
that we should observe how the diffeomorphism symmetry of AdS^ space is spoiled by frac- 
tional branes to look for the dual of scale anomaly. 

When the fractional branes are absent, the near-horizon limit of this solution is AdS^ x 
T^'^. Let us observe the diffeomorphism symmetry of type IIB supergravity (253) in this 
background. Since we care about how the breaking of diffeormorphism symmetry affects the 
graviton, so only the Einstein-Hilbert- and the self-dual five-form terms in the action (253) 
are taken into account ^, 

^iiB = ^ / d^'xE [r - ^F(5)M^PQ«F(5r^^^) + ■ ■ ■ • (263) 

Using the expansion Gmn = Gmn + hMN, we obtain the quadratic action for the graviton 
in the background with only non-vanishing Gjjj^ and PUj^^pgj^, 



5q.g. = 7^ f d^'x^^G^^ 



-UjPh^^VphMN + \v''h''''VMhpN 



+^V^h VMh--V^h 



i — ]\/r , I — , J- , 

1 „lV^\MNPOTi „(n\ \ 1 /I 



. • - ■ • M"- ~ 7y^ "'MN 



_L /^P(0) 1 c.(0)MJVPQR c.(0) \ 1 /I 2 ,5Tr 
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_5 M/[A^ (0) (0) NPQR] ^,M'M", [M p(0) p(0) NPQr\ 

2 -^{5)MNPQR'^{5)M' -TOIL Ibj^n J^ (^)mNPQR^ {b)M' J 



l^fd^'x./^^) 



2kiQ 



-iv^/^^^Vp/^Miv + ^V^/i^^Vm/^p^v 



+ iv^/^ (vMh - ^V^/^Miv) + lRMPNQh''''h''^ - lh''''hjfRpM 



^It is necessary to have this five-form term present since it produces the AdS^ space-time 
background. 
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9 Tia'^N / ^^ 1 



(264) 



We then perform the compactification on T^'^ with the quadratic action (264). Taking into 
account the background dependent and covariant gauge-fixing conditions D^h^a = D^h(^e) = 
0, one can expand hMN{x,y) in terms of the f/H(l)-harmonics on T^'^ [112], 

hMNix, y) = {hadix, y), ha^{x, y), h^eix, y)) , 
K,{x,y) = Y.h^^'^'^\x)Y,^^'^'^\y), 



J,t,r- 



j,l,r i=l j,l,ri 

1 

5' 



h^^,){x,y) = h^s - ^g^sh\ = T.v^''''\^)ym^iy) 



j,l,r 



10 



= E E ^(^■''•'■')(:r)FW,r,)(^), 



(265) 



where D^ is the 5*0(5) covariant derivative defined on T^'^. 

The eigenvalues of mass matrices of the K-K modes and their classifications under the 
supersymmetry group SU{2,2\1) in the AdS^ space-time are listed in Ref. [112]. The zero 
modes will constitute the A/" = 2 f/(l) gauged AdSr, supergravity coupled with Yang-Mills 
vector multiplets and some Betti multiplets. Substituting the expansions (265) into (264) 
and considering only zero modes, we get the quadratic action for the massless graviton of 
J\f = 2 U{1) gauged AdS^ supergravity. 



5", 



q-g- 



2kl 
1 



d^xJ-g(o) 



-iv^/I"^V^ V + l^'^h'-^^aKp 



+-V"/i ( V„/i - -V^/i, 



a/3 



^ (r^/.., + ^h' 
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In the following we analyze the symmetry of above graviton action in AdS^ space-time 
background. First, the graviton in the AdS^ background is the fiuctuation around space-time 
metric. 



dsl = Qapdx^^dx^ = g)^p + hap{x) dx^^dx^ . 



(267) 



The general coordinate transformation invariance determines the following infinitesimal 
gauge symmetry for the graviton in the AdS^ space-time background. 



5h. 



., = vfi,+vfi^ 



/3 S"' 



(268) 
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where the covariant derivative V^^-* is defined with respect to the AdS^ metric (7^^ . To verify 

the masslessness of the graviton hajs in AdS^ space, we observe the equation of motion 
derived from the action (266) [114], 



E^p = - iy^V-yKp - VaV^h\ - Vf3V.yh\ + VaVf^h 



+ yS (V,V,/^^^ - V''V,h) - I (h^p + ^Xh) = 0- (269) 



/2 V ^ 2^ 

hai3 contain non-physical modes due to the local symmetry (268) and the physical ones should 
be the traceless and divergence- free (i.e., transverse and traceless) part of hajs- Eq. (269) 
gives the identity, Vl -E"^ = 0. This equation together gauge-fixing condition V^^-^/i"^ = 
gives exactly the right physical degrees of freedom for the massless graviton in the AdS^ 
space. 

When fractional D3-branes switch on, the AdS^ x T^'^ background get deformed by R-R- 
and NS-NS three-form fiuxes carried by fractional branes. The isometric symmetries of the 
deformed AdS^ and T^'^ reduce. As explained above, when we consider type IIB super- 
gravity in this background, the compactification on deformed T^'^ occurs, and the isometric 
symmetries of the deformed AdS^ and T^'^ convert into the space-time- and gauge sym- 
metries for the compactified theory. Therefore, less symmetries appear in the compactified 
theory than the case of type IIB supergravity in the AdS^ x T^'^ background. This phe- 
nomenon can be considered as the spontaneous breaking of local symmetry in the gauged 
AdS^ supergravity [111]. The broken symmetry should be the symmetry corresponding to 
conformal supersymmetry on field they side, and the symmetry corresponding to Poincare 
supersymmetry should still persist. Further, the Higgs effect should take place since those 
broken symmetries are local ones in the gauged AdS^ supergravity. In the following we 
demostrate how the Higgs mechanism corresponding to the spontaneous breaking of local 
symmetry 5*0(2,4) to 5*0(1,4) happens. 

We start from type IIB supergravity in ten dimensions and consider the Einstein-Hilbert-, 
self-dual five-form F(5) and NS-NS two-form 5(2) terms listed in Eq. (253) ^°, 



"^"^ " 2^ J ^^^^^ \ ~ 27^^(3)MiVP^§)^^ - -^^^F^^^)MNPQRF^f^'^^j . (270) 



RmN — —F{5)MPQRsF(5)N + 7 ( -^(3)MPQ-f^(3)Ar — —G MnH(s)PQrH^ ) . (271) 



"10 

The Einstein equation derived from the above classical action is 

1 P P PQRS , '^ { TT TT PQ ^ 

^^{5)MPQRS^(5)N + -^ y^mMPQ^(3)N ~ ^2 

This equation of motion shows clearly that without the three-form field H(^3^pQji, the self-dual 
five-form fiux should lead to a three-brane solution whose near-horizon limit is AdS^ x T^'^ if 
the fiat limit is M^ x Cq [109], while the presence of three-form fiux deforms the ASdS^ x T^'^ 
and leads to a less symmetric vacuum configuration for type IIB supergravity. According to 



^''For the simplicity of discussion we do not consider the R-R three- form sector. 
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the general idea of the Higgs mechanism, we should make the vacuum configuration sym- 
metric by performing a gauge transformation which re-parametrises the field variable. This 
can be done by shifting the Ricci curvature and absorbing the three-form fiux contribution 
into the shifted Ricci curvature. Thus we define 



1 
2 "3!" 



R = R— 77T7^-^(3)MArP-f^(3) • (272) 



Consequently, the above Einstein equation becomes the one with only the five-form fiux as 
the matter source, 

RmN = RmN r H(X\MPoHin\M — —-GMNHi-WpoRH,.- 1 



IMN = J^MN — T I -n(3)MPQ-n(3)Ar — — (-TMAf-n (3)PQi?-n (-3-) 

96 



^ p PQRS (o^Q\ 

{5)MPQRS^(5)N ■ l^'-^J 



It will give the three-brane solution whose near horizon limit is AdS^ x T^'^. Eq. (273) also 
means a shift of the Riemannian curvature, 



Rkmln — Rrmln — T 



^(3)i^MQ^(3)LAr 



— — - {GklGmn — GknGml) H(3)pqrH(^^^ 



PQR 



(274) 



In the following we expand the gravitational field around this "shifted" AdS^ x T^'^ 
vacuum configuration. Just like revealing the Higgs phenomenon in gauge theory, Hmn 
must undergo a gauge transformation, which makes Hmn pick up a longitudinal component 
and become massive. That is, we have the following operation on background metrics and 
graviton fields, 

Gmn = Gj^^j^ + Hmn = G^j^ + Hmn, (275) 

where Gjjj^ and Gj^j^ denote the symmetric and deformed AdS^ x T^'^ metrics, respec- 
tively, Hmn and Hmn are graviton excitations around these space-time background metrics, 
respectively. 

The above discussion is a qualitative analysis in ten dimensions. In the following we go 
to five- dimensions. Using the explicit form of the K-T solution, we can find the explicit 
conversion between the undeformed and deformed AdS^ geometry. The deformed AdS^ 
background in the K-T solution (216) is 

^4-Ads, = faW'^dx'' ~ ^ [1 - A{r)] r^^^dx^'dx" + ^ [1 + A{r)] dr\ 
3 M"^ /I r \ 

^w-si7*(j+'";^)- P™' 

The logarithmic dependence on the radial coordinate in the deformed AdS^ space-time 

background means that the 5*0(2,4) isometry symmetry of AdS^ space breaks to 5*0(1,4). 

The {af3) component of Eqs. (273) and the explicit form of NS-NS two-form B(2) given 

in (216) determine that the deformed AdS^ vacuum background "g^p can be restored back 

to the ArfS's metric gA by the diffeomorphism transformation, 
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iJaP — UafS 



v^^b,-Wb^. 



(277) 



In above equation 13^ is a newly defined vector field relevant to the NS-NS two-form field 
-8(2) in the K-S solution, 



Ba = da 



G I B 

S2 



(2) 



(278) 



where G, as F in (259), is a function in ten dimensions. The restored space-time background 
metric ^^^ now becomes invariant under the following diffeomorphism transformation in the 
AdS^ space-time. 



6x' 



-C ^Ba = -^a- 



(279) 



Therefore, the AdS^ space-time background is re-gained and the full 5*0(2,4) space-time 
symmetry is recovered. A straightforward observation for this symmetry restoration is that 
Ba provides a compensation to the non-symmetric part since B^ also has ln(r/ro) depen- 
dence. 

Eqs. (275) and (277) determine that in the restored AdS^ space-time background the 

graviton hajs is related to the graviton ha/s in the deformed AdS^ space-time as the the 
following. 



k 



aP 



Kp + VfBp + VfBa. 



(280) 



Hence it picks up a longitudinal component. This shows that B^ plays the role of a Goldstone 
vector field in the AdS^ space [115]. 

Based on above analysis, we expand the classical action (270) to the second order of 
graviton hap around the symmetric AdS^ background. Furthermore, as in usual gauge 
theory, all of other fields such as B(2) must be replaced by their 5*0(2, 4) transformed versions 
if they belong to certain non-trivial representations of 5*0(2, 4). The quadratic action of type 
IIB supergravity in the deformed ^^5*5 x T^'^ background can be recast into the one around 
the symmetric ^^5*5 x T^'^ vacuum configuration. 
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r^h^l^{r] 



{H 



■MNj- 7-2 

llMN — il 



(281) 



The last term indicates the arising of the celebrated Pauli-Fierz mass term for the graviton 
in AdS^ space [116]. 

Performing compactification on T^'^ and taking into account only zero modes in the K-K 
spectrum, we obtain the massive AdS^ graviton due to the partially spontaneous breaking 
of local diffeomorphism symmetry in AdS^ space-time, 



S..,. = ^ I d'x^-g(^) 



(282) 
The mass m can be explicitly evaluated through integrating over the internal manifold T^'^. 



1 ^ /^Q/3^ ^2 

4 



— -m^ ( h hafj — h 



E. Dual of 7-trace Anomaly 7^s^ of Supersymmetry Current 

In this section we investigate the gravity dual of 7-trace anomaly of supersymmetry 
current s^. As discussed in Sect.V, the breaking or preservation of supersymmetry by 
the K-S solution can be detected by observing the Killing spinor equation deduced from 
supersymmetry transformations on graviton \1'm and dilatino A in the space-time background 
described by the K-S solution. The Killing spinor equations in AdS^ x T^'^ background is 
listed inEq. (226), 

Kio^A = 
K^^5-^M = (du + ^cuM^^r^^) e + ^«:ior^««^^F(5)PQR5TrMe = 0. (283) 

On the other hand, Eq. (233) gives the Killing spinor equation in the deformed AdS^ x T^'^ 
background. 



Kio 6k — — 777/tio {F(^)mnp + iH(^^MNp) r e = 0, 



2A 

1 

4 

+ 7^'^lOr r^e ( -F(5)PQiJ5T — -^I^V)Cy(2)PQH(^)RST] + T'«10-B[(2)PQ-^(3)i?ST] 

+ ^'^10 r^ {F{2,)npq + 'iH(^)NPQj — 9r \F(^)MNP + iHi^^MNp) e* 

= 0. (284) 

Now we employ the same idea as looking for the dual of scale anomaly to find the dual 
description to 7-trace anomaly of supersymmetry current. That is, we should define new 
A and \E'm and make the Killing spinor equation (233) (or (284)) in deformed AdS^ x T^'^ 
background recover to the form of Eq. (226) (or (283)). 

A straightforward comparison between Eq. (283) and Eq. (284) implies that that we 
should introduce a complex right-handed Weyl spinor T and define 
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A' = A - 4iT, 
^;, = <^M- TmT. (285) 



Then we use the identities of F-matrix in ten dimensions 



{Tm, Tat} — 2gMN, 



1-' -.s. 



'^MiM2---MnN = rMiM2---M„rAr — nT[MiM2---M„-iGMn]N , 

^NMiM2---M„ = ^nTmiM2---M„ — nGN[Mi'rMiM2---Mn], (286) 

and assign the supersymmetry transformation of T as the following, 

^T' = — -^ (-^(3)MArp + 'iH(^3)MNP) T 6. (287) 

In this way, the supersymmetry transformation (283) will be reproduced from (284) (up 
to the linear terms in fermionic fields and to the first order in the gravitational coupling 
Kio). Later we shall see that after the compactification on T^'^, T will lead to the Goldstone 
fermion . This Goldstone fermionic field should arise when the NS-NS- and R-R three-form 
fiuxes breaks one-half of local supersymmetries. Indeed, we can see that the supersymmetric 
transformation for the compactified T is proportional to the transformation parameter with 
the proportionality coefficient given by the three-form fiuxes passing through S^. This is a 
typical feature of the Goldstone fermion [118]. 

To show how the super-Higges effect takes place, we consider the quadratic part of the 
gravitino action of type IIB supergravity. 



^ ■ ■ - '*' / ^lO-r F 

'-'gravitino o/2 •i' ->-/ 

ZKiq 



^^mF^^^D^^p 



8x5! 



2 

(288) 



^Mi- [i- i'{b)UVWXYJ J- N^P + 



When the fractional D3-branes are absent, the space-time background is AdS^ x T^'^ with 
the self-dual five-form field strength. 



(VI "J 



i'xoxiX2X3r ^4! ^9192939495 r)7 • [Zoy) 

We put above fermionic action in the AdS^ x T^'^ background. As stated above, the 
compactification on T^'^ will take place. The compactification of fermionic fields in type IIB 
supergravity was processed as the following [18]. First, the explicit representation for Dirac 
matrices F^ in ten dimensions should be specified [112,18], 

F^ = E^^F*^, T'' = T0U0a\ F™ = l4®r"*®(-a2), 

M=(a,0, A = {a,m), a = 0, ■■■,4, m = 5,---,9, (290) 
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{r^, r^} = 2r]^^, {7^ 7^} = 2r7'^^ {r™, r"} = 2(5™", 

I -m* 



7 



-7o = «o- 



^4 ^ •^ri'^l '^2'^'H 

7 = 74 = «7 7 7 7 
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VI2 

i9 - 



7 = -y . = a (X) a 



I2 
-I2 



1,2,3; 



T^ = T^ = i%, T^ = T6= 71, r'^ = rr = 72, r^ = rg = 73, r^ = rg = 74. 



(291) 



In above equations, 7" and r™ denote the Dirac matrices in AdS^ space and T^'^, respectively. 
The above choice on F-matrices determine an exphcit form for the four- dimensional 75- 
analogue in ten dimensions. 
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Consequently, the left-handed gravitino \1'm, the supersymmetry transformation parameter 
e and the right-handed dilatino A decompose as the following. 



"^ii^^y) = i^i{x,y)<^ 

A{x,y) = \{x,y) (g) 

e{x,y) = e{x,y) (g) 

'^ix,y) = xix,y) (S) 
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.A(x,i/)j' 

^{x, y) \ 
J' 

,x{x,y) I ' 



(293) 



where x°', y^ are the coordinates on AdS^ and T^'\ respectively, and ipa, "^g, A and fj are 16- 
component Weyl spinor fields in ten dimensions. Further, we expand these field functions and 
the local supersymmetry transformation parameter in terms of the four- component 5*0(5) 
spinor harmonics 'E^^'''''^\y), and they can be further decomposed into the one-dimensional 
f/H(l)-harmonics YJ^'^'''^ on T^'^ [112], 
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(hl,r)/^\'^(j,l,r) 
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In Eq. (294) ip^'^'^\x), \^^'^'^\x), e-^'''''^\x) and x '' (x) are the four-component spinor fields 
on AdS^; S^^'^'^\y) are the four-component 5*0(5) spinor harmonics on T^'^, and Y^^'^''^'\y) 
are the L^H(l)-harmonics with f/H(l)-charge g. Substituting the chiral decomposition (293) 
and further the f/H(l)-harmonic expansions for \1/q, and A into their hnearized equations 
of motion and further taking into account only zero modes of the corresponding kinetic 
operators on T^'^, one can obtain the following quadratic action for the gravitino of the 
Af = 2 U{\) gauged AdS^ supergravity [112], 



S, 



gravitino 



2kI 



d xe 



'-i^^r^^Dpi,,, + ^if^T^i^^P + 
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Eq. (295) is the action for the massless gravitino of A/" = 2 f/(l) gauged AdS^ supergravity, 
and the second mass-like term is required by supersymmetry to accompany the cosmological 
term in AdS^ space [117]; z/'^ is the SU(2) symplectic Majorana spinor and the indices i = 1,2 
label two gravitini of /^-charges r = ±1, which arise automatically when the compactification 
on T^'^ is performed [112]. 

Now we come to the case with fractional branes. The AdS^ x T^'^ background is deformed 
by the three-form fluxes carried by fractional branes. The gravitino action (288) can be 
expressed in terms of either \1/m, A in the deformed AdS^ x T^'^ background or the shifted 
flelds \1/'^ and A' in the AdS^ x T^'^ background. We focus on the second term of (288) and 
re- write it in terms of the shifted fermionic flelds shown (285). Up to the leading order of 
Kio, we obtain 
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where we have decomposed the ten-dimensional components of the fields into those on AdS^ 
and T^'^ and used the following identities, 



= 5(7"°T„, - 5(7""T,, = 0, 
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p? pCi-'-Cs 
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p?e pCi'-'Cs 
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(297) 



Further, according to the explicit representations of F-matrices listed in (290) and (291), we 
have 
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pCi-Cs 



-ilzi 
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Substituting (298) and the Weyl spinor representations (293) into the action (296), we can 



reduce S'gravitino to the following, 

1 i 
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2/tfo 5! 



d'^'xE 



7^ JI4 ® l''^)i'p - 2^Jl4 ® 7")X + 5XX 
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X -:MU ® 7"0^/3 - 2^Jl4 ® 7")X + 5xx 



(299) 



In above derivation we have used 

1 



5! 
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fi'AdSs -^0123r — \/gT^ Fg\g2gig4g5 

27 na'^N^s 






4 7-5 

3 (^sM^ ^^ r ^ 
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(300) 



Eq. (299) shows the sign of super-Higgs effects in the gauged AdS^^ supergravity [118]. 
Finally, substituting the ?7H(l)-harmonic expansions (294) for ipa and x i^^to (299) and inte- 
grating over the internal manifold T^'^, we obtain the five-dimensional gauged supergravity 
from the compactification on T^'^. If only the contributions from zero- modes are taken into 
account, Eq. (299) yields the following terms of the five-dimensional gauged supergravity. 



S. 



gravitino 



d^x J-g^^^ {-TT h m 



2«i 7 " " V - ^4^ g^ 



i'.T'Ap - 8^c.Tx^ + 20x x^ ■ (301) 



Finally, making a shift 
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€ = <-7aX\ (302) 

in above equation, we obtain an elegant result, 

3 1 \ -^i' 



In above action, the first term with coefficient proportional to l/{Lgs) is the term accompa- 
nying cosmological constant term, which is required by the supersymmetry in AdS^ space 
[117]; The second one is the mass term for the gravitino of five-dimensional gauged super- 
gravity. This mass is generated by the super-Higgs mechanism and is proportional to fluxes 
M carried by the fractional branes, which can be seen clearly from Eq. (299). 

F. M = I Goldstone Chiral Supermultiplet on AdS^ Boundary 

We have shown that the superconformal anomaly multiplet of an A/" = 1 SU{N + M) x 
SU{N) supersymmetric gauge theory in four dimensions is dual to the spontaneous breaking 
of local supersymmetry from A/" = 2 to A/" = 1 and the consequent super-Higgs mechanism 
in A/" = 2 ^(1) gauged AdS^ supergravity, through which the A/" = 2 graviton supermultiplet 
[hai3,ipa,Aa) becomes massive. A crucial ingredient in implementing this super-Higgs mech- 
anism is the Goldstone fields 6, B^ and T in ten dimensions, which are defined in Eqs. (259), 
(278) and (285) and (287). Since the superconformal anomaly in an A/" = 1 four- dimensional 
supersymmetric gauge theory constitutes an A/" = 1 chiral supermultiplet [9,10]. Therefore, 
the gauge/gravity dual means that 6', B^ and T should constitute a supermultiplet. Fur- 
ther, according to the holographic version on AdS/CFT correspondence at the supergravity 
level [3,4], 9, B^ and T after the compactification on T^'^ should form an A/" = 2 Goldstone 
supermultiplet in five dimensions and its AdS^ boundary value should be an A/" = 1 chiral 
supermultiplet in four dimensions. This fact can be verified as the following. First, we make 
use of the supersymmetric transformations for B{2)mn and F(^3)mnp in type JIB supergravity 
[106], 

5G{2,)MNP = 3(9[M'^^(2)Arp] 



5 



F{3)MNP + iH^'^^MNP 



= 39[M5C'(2)AfP] + 3i(9[M<5-B(2)AfP] 

= 3a[MerjvP]A - 1229[Me*rjv^P]. (304) 

This implies that locally there should exist 

^^(2)Arp] = 5C(2)NP + iSB(2)NP 

= ITnpA - 2it (F^^p - Fp^jv) • (305) 

When we restore the deformed AdS^ x T^'^ back to the symmetric AdS^ x T^'^ vacuum 
background, the fermionic fields ^m and A are reparametrized as shown in (285), the above 
supersymmetric transformation becomes 
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^^{2)NP = ^A(2)NP + ^A{2)NP 
= ^C{2)NP + '^^B^2)NP 

= ITnp (A - 4iT) - 2ir [Tn (^p - TpT) - Tp {^n - TpT)] 

= er^pA - 2ir (Tn^p - Tp^n) -Ai{e- e") T^pT. (306) 

(T) 

where we use A^^^^^p to represent the parts of B(2)mn and C{2)mn whose supersymmetric 
transformations depend only on T due to the shift on fermionic fields. Eq. (306) yields the 
following supersymmetric transformation involving the Goldstone spinor T, 

^^f2)NP = -4^ (e - e*) r^pT = 4 (Im e) T^pT. (307) 

We turn to the supersymmetric transformation of T given in (287), 

5T = -— x3(9[M^(2)7VP]r e 

= -— X 3 (<9[MC(2)Arp] + ^'9[M5(2)iVP]) T^^^e 

= -^r^ (9mA[J^p) r^^e, (308) 

where the following identity among F-matrix in ten dimensions is used, 

yMNP _ yM-pNP _ (^MN-pP _ ^MP-pN\ ("<(]Q] 

(T) 

Eqs. (307) and (308) show that ^(2)Arp and T constitute a supermultiplet in ten dimensions 
since their supersymmetric transformations form a closed algebra. 

Further, from the definitions on Goldstone bosons given in (259) and (280), 



6 = F I C(2) , Ba = da 



Gj^^B^2) 



daUJ, (310) 

we choose F = G ^^ and define a new complex scalar field in ten dimensions. 



if = 9 + iu 



^2 ,C'(2) + ^^(2) 



(311) 



Since in the K-S solution both C(2) and 5(2) are proportional to 002 = {g^ A g^ + g^ A g'^) /2, 
the complex scalar field ip defined in (311) actually contains two complex (four real) scalar 
fields. 



^^ ~ y^2 (C'(2)<yi32 + ^^(2)3132) > 



V ~ j^^ (^2)3394 + ^B^2)a,g,) ■ (312) 



^^This choice is always possible since in (259) and (280) F and G are introduced as arbitrary field 
functions in ten-dimensions. Actually, the requirement that the Goldstone fields should constitute 
a supermultiplet imposes this choice. 
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Consequently, the supersymmetric transformations (307) and (308) for the Goldstone mul- 

(T) 
(2)AfP5 



tiplet {A.(Jj^p, T) reduce to the following forms 



V=4(Ime)r,,,,T, 


V = 4(Ime)r,3,,T, 


,^_v 


[dM^P^j Tg^g^ + [dM^P^j Tg.^g^ 


T= / T. 





(313) 

Further, recall that T and its supersymmetric transformation (287) are introduced to counter 
the supersymmetric transformation in the K-S solution background so that the Killing spinor 
equation (284) can be restored back to the Killing spinor equation (283) in the AdS^ x 
T^'^ background. Therefore, the supersymmetry transformation parameter e in (307)-(313) 
should satisfy the constraint equations (239). Since we use the UV (large-r) limit of the K-S 
solution (i.e., the K-T solution), Eq. (239) yields 

/ sinh r 1 \ 

^--^ = -r.3..^ = ;i.m . f -^ - ^^^r,,,3 1 e = re. (314) 



r— >oo 



So finally we get an elegant form for the supersymmetric transformation of the Goldstone 
multiplet without resorting to the explicit forms of Tg^ {m = 1, 2, 3, 4), 

Sip^ = -4i (Ime) t, 
V = 4i (Ime) f , 

6f = -^r^ {dMv' - dMv') e. (315) 

Substituting the ten-dimensional complex right-handed Weyl spinor T and the supersym- 
metry transformation parameter e listed in (293) into (315) and using 

r 



etPo = (?+(x, y), O) 7° ® I4 ® L J = (O, e{x, y)) (316) 



we obtain 



6<f\x,y) = -4i (ime) x{x,y), 
6ip'^{x,y) =4i(lmej x{x,y), 

m^,y) = -^ [rd: {^^ - v') - rr^dl {v' - ^')] e{x,y). (317) 

The following task is performing compactification on T^'^ and reducing above supersymmet- 
ric transformations to five dimensions. That is, we expand ip^{x,y) {p = 1,2), x(a;,?/) and 
e{x,y) in terms of scalar- and spinor f///(l) harmonics as shown in (294), and then insert 
these expansions into Eq. (317). Taking into account only zero modes in the expansions and 
comparing both sides of Eq. (317), we obtain 
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6^^ = Atffflx'- (318) 

In above equation, f^^ = S^^N^^ {j is not summed), i,j = 1,2 are the indices labeling fermions 
with opposite f/R(l)-charges, which arise naturally in performing the compactification of 
fermionic fields on T^'^; A^-'^ are defined as the following: 

fij is related to f^^ in the following way: 

ff, = e^'S,kS,d;\ e'' = -e^' = 1. (320) 

Eq. (318) together with (319) and (320) is exactly the supersymmetry transformation for 
A/" = 2 hypermultiplet in five- dimensions [19,119]. 

We should further take the hyper mult ipelt (0^, x*) to the boundary of AdS^^ space. In 
principle, we can take a similar procedure as in initiated in Ref. [4] and carried out explicitly 
in Ref. [22,23], where on-shell fields in gauged AdSd+i supergravity can reduce to off-shell 
fields of d-dimensional conformal supergravity on AdSd+i boundary. However, here the 
equations of motion for ip'^ and x* ai's not clear. We naively require their behaviors near 
the AdS^ boundary according to the physical reasonableness. A careful analysis shows that 
near the AdS^ boundary Eq. (318) may convert into the supersymmetry transformation for 
A/" = 1 chiral supermultiplet in four dimensions. This means that as expected from the 
holographic version on gauge/gravity correspondence, the A/" = 2 Goldstone supermultiplet 
(0^, X*) in the AdS^^ space can constitute a chiral supermultiplet on AdS^ boundary, which 
corresponds exactly to the superconformal anomaly multiplet of the A/" = 1 supersymmetric 
gauge theory in four dimensions. 

VII. SUMMARY AND DISCUSSION 

We have highlighted that there exist two types of superconformal anomalies in a four- 
dimensional classically conformal invariant supersymmetric gauge theory and they have dis- 
tinct gravitational correspondences in the gauge/gravity dual. One type of superconformal 
anomaly arises when the supersymmetric gauge theory couples with an external conformal 
supergravity background and its existence depends on the non-trivial topology of the field 
configuration of the external conformal supergravity background, which is usually called the 
external superconformal anomaly [9,10]. The other one originates purely from the dynamics 
of the supersymmetric gauge theory itself and its anomaly coefficient is proportional to the 
beta function of the theory. It has nothing to do with the external field background and is 
usually called the internal superconformal anomaly [9,10]. 

We have emphasized that the external superconformal anomaly can be partially cal- 
culated from the AdS/CFT correspondence at the supergravity level, i.e., the holographic 
version of the gauge/gravity dual. The AdS/CFT correspondence conjecture at supergravity 
level, after the compactification on the compact five-dimensional Einstein manifold, predicts 
that there should exist a holographic correspondence between the gauged AdS^ supergravity 
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and the superconformal gauge theory on the boundary of AdS^ space. The off-shell confor- 
mal supergravity in four dimensions plays the role of an intermedium: on one hand, it comes 
from the on-shell five-dimensional gauged supergravity around its AdS^, vacuum configura- 
tion and the superconformal symmetry of the conformal supergravity is relevant to boundary 
decomposition of the AdS^ supersymmetry; on the other hand, the four-dimensional confor- 
mal supergravity furnishes an external field background for the four-dimensional classically 
conformal invariant supersymmetric gauge theory and hence the various conservation laws in 
the supersymmetric gauge theory can be reflected in the preservation of the local symmetries 
in conformal supergravity. These relations provide the justifications why the external super- 
conformal anomaly can be evaluated from the gauged AdS^ supergravity. Of course, since 
the holography between the gauged AdS^ supergravity and four-dimensional supersymmet- 
ric gauge theory is only the lowest-order approximation to the AdS/CFT correspondence, 
so only partial results of the external superconformal anomaly can be reproduced. One must 
go to the AdS/CFT correspondence at string level to get the whole external superconformal 
anomaly. 

We have found the dual correspondence of the internal superconformal anomaly. We 
first figure out that the internal superconformal anomaly reflects in the quantum effective 
action as the running of gauge coupling and the shift of the CP-violation parameter as well 
as the shift their superpartner in superspace. Further, we make use of the two distinct 
features of D-branes in the weakly- and strongly coupled type II superstring theory. In a 
weakly coupled case, a D-brane behaves as a geometric and dynamical object from which 
a supersymmetric gauge theory can be extracted out; While in the strongly coupled case, 
the D-brane arises as a solution to the type II supergravity, the low-energy effective theory 
of type II superstring theory. Based on this fact, we realize that the fractional branes in 
non-perturbative string theory are the source of the internal superconformal anomaly. Then 
we go to the strongly coupled side of type II superstring theory and have observed that 
the same fractional branes deform the brane solution. This brane solution is obtained in 
the absence of fractional branes and its near-horizon limit is the product of the AdS^ space 
and a compact flve-dimensional Einstein manifold X^. Choosing the brane solution as a 
vacuum conflguration of type II supergravity, we get a flve-dimensional gauged supergravity 
since the compactiflcation on the compact Einstein manifold will occur and its isometry 
symmetry will become the gauge symmetry of the gauged supergravity. The deformation 
on AdS^ X X^ makes the space-time background less symmetric. Therefore, we obtain a 
gauged AdS^ supergravity with spontaneously broken gauge symmetry and consequently 
the super-Higgs mechanism will take place. Since the origin of this super-Higgs mechanism 
is exactly the fraction branes that lead to the internal superconformal anomaly. We thus 
claim the dual of internal superconformal anomaly of a four-dimensional supersymmetric 
gauge theory is the super-Higgs mechanism in the gauged AdS^ supergravity. 

Anomaly is a typical quantum phenomenon in gauge fleld theory. Therefore, a clear 
understanding to the gravitational correspondences of these two types of superconformal 
anomaly will be signiflcant for the comprehension on the gauge/garvity duality. 
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